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7KLV� ZRUN� SUHVHQWV� DSSUR[LPDWH� DQDO\WLFDO� DQG� QXPHULFDO� LQYHVWLJDWLRQV� LQWR� WKH� ����
VXE�KDUPRQLF� UHVRQDQFH� UHVSRQVH�� LWV� VWDELOLW\��ELIXUFDWLRQV�DQG� WUDQVLWLRQ� WR�FKDRV� IRU�
WKH� FODVV�RI� LQHUWLDOO\� DQG� HODVWLFDOO\� � QRQOLQHDU�� KDUPRQLFDOO\�H[FLWHG� VLQJOH�GHJUHH�RI�
IUHHGRP��RVFLOODWRUV�GHVFULEHG��E\�WKH�GLPHQVLRQOHVV�HTXDWLRQ�RI�PRWLRQ��

�FRV��� �
�

��
� W3XXXXXXXX : ����� HHG ������

ZKHUH� �� �� HHG DQG� 3 DUH� GLPHQVLRQOHVV� SRVLWLYH� SDUDPHWHUV�� : LV� WKH� IRUFLQJ�
IUHTXHQF\� DQG� X LV� WKH�GLPHQVLRQOHVV�GLVSODFHPHQW��7KH� LQWHUHVW� LV� WKH�FDVH�ZKHUH� WKH�
IRUFLQJ� IUHTXHQF\� LV� LQ� WKH� UDQJH�ZKHUH� WKH� VWHDG\� VWDWH� UHVSRQVH� RI� WKLV� RVFLOODWRU� LV�
GRPLQDWHG� E\� WKH� ���� VXE�KDUPRQLF��$SSUR[LPDWH� DQDO\WLFDO� VROXWLRQV� WR� WKH� ���� VXE�
KDUPRQLF�UHVRQDQFH�FXUYHV�DUH�REWDLQHG��IRU�FRPSDULVRQ�SXUSRVHV��XVLQJ�WKH�WZR�PRGHV�
KDUPRQLF�EDODQFH� ��0+%��PHWKRG�DV�ZHOO� DV� WKH�PXOWLSOH� VFDOHV� �006��SHUWXUEDWLRQ�
PHWKRG���6WDELOLW\�DQDO\VHV�RI�WKH�REWDLQHG�DSSUR[LPDWH�VROXWLRQV�ZHUH�XVHG�WR�H[DPLQH�
WKH�OLQN�LI�DQ\�EHWZHHQ�WKH�WUDQVLWLRQ�WR�FKDRV�DQG�VWDELOLW\�OLPLWV�RI�WKHVH�DSSUR[LPDWH�
VROXWLRQV��$�QXPEHU�RI�ZHOO� NQRZQ�QXPHULFDO� VLPXODWLRQ�SURFHGXUHV�� L�H��SKDVH�SODQH�
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SORWV��3RLQFDUH
�PDSV��/\DSXQRY�H[SRQHQWV��IUHTXHQF\�VSHFWUD�DQG�GLUHFW�LQWHJUDWLRQ�RI�
HTXDWLRQ�RI�PRWLRQ�ZHUH�XVHG�WR�YHULI\�WKHRUHWLFDO�UHVXOWV�DQG�REVHUYH�FKDRWLF�EHKDYLRU��
5HVXOWV�RI�W\SLFDO�VWHDG\�VWDWH�EHKDYLRU�RI�WKH�DERYH�RVFLOODWRU�DUH�SUHVHQWHG�LQ�JUDSKLFDO�
IRUP�IRU�D�VHOHFWHG�UDQJH�RI�V\VWHP�SDUDPHWHUV��,W�LV�VKRZQ�WKDW�ILUVW�RUGHU�DSSUR[LPDWH�
VROXWLRQV��GHVSLWH� WKHLU� OLPLWHG�TXDQWLWDWLYH�DQG�TXDOLWDWLYH�DFFXUDFLHV��ZKHQ�FRPELQHG�
ZLWK� UHODWLYHO\� VLPSOH� ZHOO� NQRZQ� QXPHULFDO� PHWKRGV�� FDQ� SURYLGH� D� XVHIXO� PHDQ� WR�
XQFRYHU� LPSRUWDQW� DVSHFWV� RI� WKH� FRPSOLFDWHG� G\QDPLF� EHKDYLRU� RI� D� KDUPRQLFDOO\�
IRUFHG�VLQJOH�GHJUHH�RI�IUHHGRP�QRQOLQHDU�RVFLOODWRU��
�
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�

2QH� RI� WKH� PRVW� LQWHUHVWLQJ� FKDUDFWHULVWLFV� � RI� WKH� VWHDG\� VWDWH� UHVSRQVH� RI� D�
QRQOLQHDU� VLQJOH� GHJUHH� RI� IUHHGRP� RVFLOODWRU� � WR� D� KDUPRQLF� H[FLWDWLRQ� LV� WKDW� WKH�
QRQOLQHDULW\� FDQ� � � JHQHUDWH�� LQ� DGGLWLRQ� WR� WKH� XVXDO� SULPDU\� KDUPRQLF� FRPSRQHQW���
KDUPRQLF� FRPSRQHQWV�ZKRVH� IUHTXHQF\� � S: LV� D� � VXE�PXOWLSOH�RU� � D�PXOWLSOH� � RI� WKH��
KDUPRQLF�H[FLWDWLRQ�IUHTXHQF\�: � 7KH�KDUPRQLF�FRPSRQHQW�ZKRVH�IUHTXHQF\�LV� O�:
RU :O
Q � LV� FDOOHG� DQ� RUGHU� � O

� VXE�KDUPRQLF� RU� DQ� RUGHU� � O
Q XOWUD�VXE�KDUPRQLF��

UHVSHFWLYHO\��ZKHUH� OQ� DUH�LQWHJHUV��2Q�WKH�RWKHU�KDQG���D�KDUPRQLF�FRPSRQHQW�ZKLFK�
KDV� D� � IUHTXHQF\� � :Q LV� FDOOHG� DQ�RUGHU� Q VXSHU�KDUPRQLF�RU�� XVXDOO\�� DQ� � � RUGHU� Q
XOWUD�VXSHU�KDUPRQLF�ZKHQ� ��tQ 'HSHQGLQJ�RQ�V\VWHP�SDUDPHWHUV��QRQOLQHDULW\� W\SH�
DQG� UDQJH�RI� H[FLWDWLRQ� IUHTXHQF\�� WKH�QRQOLQHDULW\� FDQ� � VXVWDLQ� � D� UHVRQDQW� �� L�H� ODUJH�
DPSOLWXGH�� VWHDG\� VWDWH� VXE� RU� VXSHU�KDUPRQLF� UHVSRQVH� >����@�� � ,W� LV� QRWHG� WKDW� � D��
SRVLWLYHO\�GDPSHG�� � OLQHDU�RVFLOODWRU�KDV�RQO\� D� VLQJOH� � OLPLWLQJ� VHW�� L�H� � � DQ� � DWWUDFWRU�
�UHSHOORU�� �ZKHQ�SRVLWLYHO\� �QHJDWLYHO\�GDPSHG�� �ZKHUH� WKH�ZKROH� � SKDVH� VSDFH� LV� WKH�
FDWFKPHQW���UHSHOOLQJ��UHJLRQ��7KXV�UHJDUGOHVV�RI�WKH�VWDUWLQJ�FRQGLWLRQV��WKH�VWHDG\�VWDWH�
UHVSRQVH� RI� WKH� OLQHDU� RVFLOODWRU� WR� D� KDUPRQLF� H[FLWDWLRQ� HLWKHU� VHWWOHV� � LQWR� D� SRLQW��
�SHULRGLF��DWWUDFWRU��LI�SRVLWLYHO\�GDPSHG����RU�GLYHUJHV�WR�LQILQLW\�ZKHQ�LW�LV�OLPLWLQJ�VHW�
LV D�UHSHOORU����������������ZKHQ�WKH�RVFLOODWRU�LV�QHJDWLYHO\�GDPSHG���,Q�RWKHU�ZRUGV��LQ��D�
SRVLWLYHO\�GDPSHG� �� KDUPRQLFDOO\�GULYHQ� OLQHDU� RVFLOODWRU� WKH� VWHDG\� VWDWH� UHVSRQVH� � LV�
LQGHSHQGHQW� RI� WKH� LQLWLDO� FRQGLWLRQV�� LV� KDUPRQLF� ZLWK� WKH� VDPH� IUHTXHQF\� DV� WKH�
H[FLWDWLRQ��WKH�IUHTXHQF\�UHVSRQVH�LV�VLQJOH�YDOXHG���DQG� �WKH�IUHH�RVFLOODWLRQ�GHFD\V�WR�
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]HUR� DW� WKH� VWHDG\� VWDWH�� � 2Q� WKH� RWKHU� KDQG�� � � IRU� D� KDUPRQLFDOO\� GULYHQ� QRQOLQHDU�
RVFLOODWRU� WKH� IUHH� RVFLOODWLRQ� PD\� QRW� GHFD\� WR� ]HUR� HYHQ� ZKHQ� WKH� RVFLOODWRU� LV�
SRVLWLYHO\� GDPSHG��$OVR� DW� VWHDG\� VWDWH� WKH� � � RVFLOODWRU�PD\� KDYH�PXOWLSOH� FRPSHWLQJ�
�FRH[LVWLQJ��DWWUDFWRUV��H�J���SHULRGLF��OLPLW�F\FOHV��TXDVL�SHULRGLF��DSHULRGLF�DQG�FKDRWLF��
HDFK�ZLWK� LWV� EDVLQ� RI� DWWUDFWLRQ� VHSDUDWHG� E\� UHSHOORUV� DQG� VDGGOH� OLPLWLQJ� VHWV� >���@���
7KXV�GHSHQGLQJ�RQ�WKH�VWDUWLQJ�FRQGLWLRQV�DQG�UDQJH�RI�V\VWHP�SDUDPHWHUV��WKH�UHVSRQVH�
RI�WKH�KDUPRQLFDOO\�GULYHQ�QRQOLQHDU�RVFLOODWRU�PD\�VKRZ�D�GUDVWLF�TXDQWLWDWLYH�DV�ZHOO�
DV� TXDOLWDWLYH� FKDQJH� DV� RQH� RU� PRUH� RI� LWV� FRQWURO� SDUDPHWHUV� �L�H�� IUHTXHQF\� RU�
DPSOLWXGH�RI� � � WKH�KDUPRQLF�H[FLWDWLRQ��JRHV� WKURXJK�D�FULWLFDO� �L�H��ELIXUFDWLRQ��YDOXH�
DQG�HQWHUV�WKH�FDWFKPHQW�UHJLRQ�RI�D�QHDUE\�RU�D�GLVWDQW�DWWUDFWRU��)RU�H[DPSOH��IRU�WKH�
FODVVLFDO� �� SRVLWLYHO\� GDPSHG� �� KDUPRQLFDOO\� GULYHQ� �� GXIILQJ� RVFLOODWRU� ZLWK� FXELF�
KDUGHQLQJ�QRQOLQHDULW\��WKH�VWHDG\�VWDWH�UHVSRQVH��ZKHQ�WKH�H[FLWDWLRQ�IUHTXHQF\�: LV�LQ�
QHLJKERUKRRG�RI� � WKH� OLQHDU�QDWXUDO� IUHTXHQF\� Z RI� WKH�RVFLOODWRU� �� L�H�� LQ� WKH�SULPDU\�
UHVRQDQFH� � UHJLRQ�� LV� GRPLQDWHG�E\� WKH� IXQGDPHQWDO� KDUPRQLF��$OVR�� LQ� WKLV� FDVH�� WKH�
IUHH�RVFLOODWLRQ�GLHV�RXW��DQG�WKH�IUHTXHQF\�UHVSRQVH�FXUYH�FRQVLVWV�RI�WKUHH�EUDFKHV��WZR�
VWDEOH�EUDQFKHV��DWWUDFWRU��VHSDUDWHG�E\�DQ�XQVWDEOH�EUDQFK��� UHSHOORU���7KXV��IRU�JLYHQ�
V\VWHP�SDUDPHWHUV�DQG�H[FLWDWLRQ�IUHTXHQF\�WKH�LQLWLDO�FRQGLWLRQV�SOD\�D�FUXFLDO�UROH�LQ�
GHWHUPLQLQJ�ZKLFK� RI� WKH� WZR� FRH[LVWLQJ� VWDEOH� VWHDG\� VWDWHV� VROXWLRQV� �L�H�� DWWUDFWRUV��
UHSUHVHQWV�WKH�DFWXDO�UHVSRQVH�RI�WKH�RVFLOODWRU���

�
1RZ��FRQVLGHU�WKH�FDVH�ZKHUH�WKH�H[FLWDWLRQ�IUHTXHQF\�: LQ�WKH�DERYH�'XIILQJ�

RVFLOODWRU� LV� JUDGXDOO\� LQFUHDVHG� DERYH� WKH� OLQHDU� QDWXUDO� IUHTXHQF\Z � :KHQ� : LV�
LQFUHDVHG�IURP� Z�|: � LW�LV�SRVVLEOH���GHSHQGLQJ�RI�V\VWHP�GDPSLQJ��IRUFLQJ�DPSOLWXGH�
DQG�LQLWLDO�FRQGLWLRQV��IRU�WKH�V\VWHP�DW��VWHDG\�VWDWH�WR�VXVWDLQ��WKH��IUHH�RVFLOODWLRQ��LQ�
DGGLWLRQ� WR� WKH� SULPDU\� VWHDG\� VWDWH� UHVSRQVH�� � HYHQ�ZKHQ� WKH� RVFLOODWRU� LV� SRVLWLYHO\�
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�
GDPSHG� DQG� LQ� FRQWUDVW� ZLWK� WKH� OLQHDU� WKHRU\� SUHGLFWLRQ�� 7KXV� �� LQ� WKLV� FDVH�� DW� WKH�
VWHDG\�VWDWH����WKH�FXELF�QRQOLQHDULW\�VHHPV�WR�DGMXVWV�WKH�IUHTXHQF\�RI�IUHH�RVFLOODWLRQ�WR�
DERXW�RQH�WKLUG�RI�WKH�IRUFLQJ�IUHTXHQF\��VR�WKDW�WKH�WRWDO��UHVSRQVH��ZKLFK�QRZ�FRQVLVWV�
RI�WKH�IUHH�RVFLOODWLRQ�WHUP��ZLWK�IUHTXHQF\� ��:| � L�H��D����UG�VXE�KDUPRQLF�WHUP����DQG�
SDUWLFXODU�WHUP���ZLWK���IUHTXHQF\�: ����LV�SHULRGLF�ZLWK�SHULRG�W ZKLFK�LV�DERXW�WKUHH�

WLPHV�WKDW�RI� WKH�IXQGDPHQWDO� �W � L�H�� �� :  SWW �� � � )XUWKHUPRUH��DV� WKH�H[FLWDWLRQ�

IUHTXHQF\�: LV��JUDGXDOO\�LQFUHDVHG�IURP�� Z�|: � WKH�DPSOLWXGH�RI��WKH�H[FLWHG�����
UG� � VXE�KDUPRQLF� WHQGV� WR� LQFUHDVHG� DQG� WKDW� RI� WKH� IXQGDPHQWDO� KDUPRQLF� �� L�H��
DPSOLWXGH�RI�WKH�SDUWLFXODU�VROXWLRQ��WHQGV�WR�GHFUHDVH�DQG�EHFRPHV�QHDUO\�HTXDOV�WR�WKDW�
RI� WKH� FRUUHVSRQGLQJ� OLQHDU� RVFLOODWRU� �� � VR� WKDW� WKH� VWHDG\� VWDWH� SHULRGLF� � UHVSRQVH�
EHFRPHV�GRPLQDWHG��E\�WKH�����UG�VXE�KDUPRQLF�FRPSRQHQW�� � �'HSHQGLQJ���RQ�IRUFLQJ�
DPSOLWXGH� DQG� V\VWHP� GDPSLQJ�� � � LW� LV� SRVVLEOH� WR� H[FLWH� D� VWHDG\� VWDWH� VXE�KDUPRQLF�
UHVSRQVH��L�H���D�VXE�KDUPRQLF�UHVRQDQW�UHVSRQVH��ZLWK�PDJQLWXGH�PXFK�ODUJHU�WKDQ�WKDW�
RI� WKH� IXQGDPHQWDO� UHVSRQVH�� ,Q�RWKHU�ZRUGV�� WKH�RVFLOODWRU�QRZ�KDV� LQ�DGGLWLRQ� WR� WKH�
IXQGDPHQWDO�DWWUDFWRU�DQRWKHU�FRH[LVWLQJ�GLVWDQW��L�H��RI�ODUJHU�DPSOLWXGH��VXE�KDUPRQLF�
DWWUDFWRU��7KXV����GHSHQGLQJ�RQ�LQLWLDO�FRQGLWLRQV���D��VWHDG\�VWDWH�IXQGDPHQWDO�UHVSRQVH�
RI�UHODWLYHO\�VPDOO�DPSOLWXGH��PD\�ORVV�VWDELOLW\�DQG�PRYHV�WR�D�VXE�KDUPRQLF�DWWUDFWRU�
ZLWK� PXFK� ODUJH� DPSOLWXGH� DV� D� V\VWHP� SDUDPHWHU�� L�H�� H[FLWDWLRQ� DPSOLWXGH�� JRHV�
WKURXJK�D� �FULWLFDO�ELIXUFDWLRQ�YDOXH�OHDGLQJ�WR�YLROHQW� ODUJH�DPSOLWXGH�YLEUDWLRQV��7KLV�
VXGGHQ�DQG�VXE�FULWLFDO�ORVV�RI�VWDELOLW\�RI�D�G\QDPLFDO�V\VWHP�RSHUDWLQJ�DERYH�SULPDU\�
UHVRQDQFH� UHJLRQ�KDV�EHHQ� UHSRUWHG� LQ� VHYHUDO� SUDFWLFDO� HQJLQHHULQJ� V\VWHPV�� L�H��� �VHH�
1D\IHK�DQG�0RRN�>�@��DQ�DLUSODQH�HQJLQH�UXQQLQJ�DW�DQ�DQJXODU�VSHHG�PXFK�ODUJHU�WKDQ�
WKDW� RI� WKH� DLUSODQH� SDUWV� QDWXUDO� IUHTXHQFLHV� ZDV� UHSRUWHG� WR� OHDG� XQGHU� FHUWDLQ�
RSHUDWLQJ�FRQGLWLRQV�WR�YLROHQW�YLEUDWLRQV�RI�VRPH�RI�WKHVH�SDUWV���
�
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�
,W� LV� QRWHG� WKDW� IRU� D� IUHTXHQF\� RI� H[FLWDWLRQ� : EHORZ� WKH� RVFLOODWRU� OLQHDU�

IUHTXHQF\Z � LW� LV� SRVVLEOH�� GHSHQGLQJ� RQ� LQLWLDO� FRQGLWLRQV� DQG� V\VWHP�SDUDPHWHUV�� WR�
H[FLWH�D�VXSHU�KDUPRQLF�UHVRQDQW�UHVSRQVH��DJDLQ�GXH�WR�WKH�IDFW�WKDW��OLNH�LQ�WKH�FDVH�RI�
VXE�KDUPRQLF� UHVRQDQFH� UHJLRQ�� WKH� IUHH�RVFLOODWLRQ� WHUP� LQ� WKH� WRWDO� VROXWLRQ�PD\�QRW�
GHFD\� WR� ]HUR� HYHQ�ZKHQ� WKH� QRQOLQHDU� RVFLOODWRU� LV� SRVLWLYHO\� GDPSHG� >�@�� 7KXV�� IRU�
H[DPSOH���IRU�WKH�SRVLWLYHO\�GDPSHG���KDUPRQLFDOO\�GULYHQ�'XIILQJ�RVFLOODWRU�ZLWK�FXELF�
KDUGHQLQJ��VWDWLF�QRQOLQHDULW\���D�VXSHU�KDUPRQLF�UHVRQDQFH�PD\�JHW�H[FLWHG�IRU�WKH�ULJKW�

V\VWHP�SDUDPHWHUV� DQG� LQLWLDO� FRQGLWLRQV�ZKHQ� : LV� LQ� WKH� UDQJH� Z�
�|: � +RZHYHU��

WKH� VXSHU�KDUPRQLF� UHVRQDQFH� UHVSRQVH�� XQOLNH� WKH� VXE�KDUPRQLF� RQH�� KDV� WKH� VDPH�
SHULRG�DV�WKH�H[FLWDWLRQ��LWV�DPSOLWXGH�XVXDOO\�JURZV�VWHDGLO\�IURP�D�QHJOLJLEOH�YDOXH�WR�
D YDOXH� FRPSDUDEOH� RU� ODUJHU� WKDQ� WKDW� RI� WKH� IXQGDPHQWDO� KDUPRQLF� ZLWKRXW� DQ\�
ELIXUFDWLRQ�����
�,W�VKRXOG�EH�ERUQH�LQ�PLQG�WKDW�D�NH\�DVSHFW�RI�WKH�VWHDG\�VWDWH�UHVSRQVH�RI�D�QRQOLQHDU�
VLQJOH�GHJUHH�RI�IUHHGRP�WR�KDUPRQLF�H[FLWDWLRQ��L�H��SULPDU\�DQG�VHFRQGDU\�UHVRQDQFHV��
GLVFXVVHG� DERYH� LV� WKDW� WKH\� DUH� SHULRGLF�� 7KH� FODVVLFDO� � WKHRU\� � SRVWXODWH� WKDW� � D�
QRQOLQHDU�� SRVLWLYHO\� GDPSHG� �� VLQJOH� GHJUHH� RI� IUHHGRP� RVFLOODWRU� � VXEMHFWHG� WR� D�
SHULRGLF��� L�H��KDUPRQLF�� � �H[FLWDWLRQ��ZLOO�DOZD\V�KDYH� �D�SHULRGLF�VWHDG\�VWDWH�RXWSXW���
KDV�EHHQ�FKDOOHQJHG�VLQFH�����
V�E\�WKH�QHZ�WKHRU\�RI�FKDRWLF�PRWLRQV���'XULQJ�WKH�ODVW�
WKUHH�GHFDGHV�QXPHULFDO�VLPXODWLRQ�VWXGLHV�DQG�H[SHULPHQWDO�LQYHVWLJDWLRQV�KDYH�VKRZQ�
WKDW� WKH�QRQOLQHDU�RVFLOODWRU�PD\�SRVVHVV�VROXWLRQV�ZKLFK�ZHUH�QRW�RQO\�DSHULRGLF��EXW�
ZKLFK�DOVR�KDYH�D�QRLV\��L�H��UDQGRP��OLNH��EHKDYLRU��,W�LV�QRWHG�WKDW�QRW�DOO�RI�REWDLQHG�
DQDO\WLF� SHULRGLF� VROXWLRQV� RI� D� QRQOLQHDU� RVFLOODWRU� DUH� VWDEOH� �DWWUDFWRUV��� $OVR�� DV�
LQGLFDWHG�DERYH��LW�LV���SRVVLEOH�WKDW�VRPH�RI�FRH[LVWLQJ�DWWUDFWRUV�DUH�QRQ�SHULRGLF��L�H��
FKDRWLF�� ZKLFK� FDQQRW� � � EH� XQFRYHUHG� XVLQJ� WKH� DSSUR[LPDWH� DQDO\WLFDO� PHWKRGV� RI�
QRQOLQHDU�WKHRU\����&RQVHTXHQWO\��UHFHQW�UHVHDUFK�HIIRUWV�DLPLQJ�DW�REWDLQLQJ�D�UHDOLVWLF�
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�
DVVHVVPHQW���RI�D�QRQOLQHDU�V\VWHP�G\QDPLFV�DQG�V\QWKHVLV�RI�D�UHOLDEOH�FRQWURO�VWUDWHJ\�
WHQG�WR�FDUU\�RXW�D�GHWDLOHG�VWDELOLW\�DQG�ELIXUFDWLRQ�DQDO\VHV�WR�XQFRYHU�YDULRXV�SRVVLEOH�
G\QDPLF� V\VWHPV� ERXQGHG� SHULRGLF�� DSHULRGLF�� FKDRWLF� DQG� XQERXQGHG� PRWLRQV��
0HWKRGV�XVHG�WR�FDUU\�RXW�VXFK�WDVNV��ZKLFK�XVXDOO\�DUH�UDWKHU�HODERUDWH�HYHQ�ZKHQ�WKH�
DQDO\VLV� LV� RQO\� FDUULHG� RXW� WR� ILUVW� RUGHU�� DUH� D� FRPELQDWLRQ� RI� DSSUR[LPDWH� DQDO\WLF��
JHRPHWULF� DQG� QXPHULF� PHWKRGV�� >����� �����@�� � (DFK� RI� WKHVH� PHWKRGV� KDV� LWV�
DGYDQWDJHV� DQG�GUDZEDFNV�� D�GHWDLOHG�GLVFXVVLRQ�RI� WKHVH� WHFKQLTXHV� JRHV�EH\RQG� WKH�
VFRSH�RI� WKLV�RYHUYLHZ�DQG�FDQ�EH� IRXQG�VRPHZKHUH�HOVH��H�J��>�����������@�� �6WDELOLW\�
DQDO\VLV�DQG�QXPHULFDO�VLPXODWLRQ�VWXGLHV�RI�VXE�KDUPRQLF�UHVRQDQFH�LQ�YDULRXV�W\SHV�RI�
KDUPRQLFDOO\�H[FLWHG�'XIILQJ�RVFLOODWRUV�KDYH�VKRZQ�WKDW�FKDRWLF�PRWLRQV�DUH�DVVRFLDWHG�
ZLWK�WKH�ORVV�RI�VWDELOLW\�RI�D�VXE��RU�VXSHU��KDUPRQLF�UHVRQDQFH��L�H���RQH�FKDUDFWHULVWLF�
SUHFXUVRU� WR� FKDRWLF�PRWLRQV� LV� WKH� DSSHDUDQFH� DQG� WKHQ� ORVV� RI� VWDELOLW\� RI� D� VXE�� RU�
VXSHU�KDUPRQLF� UHVRQDQFH�� H�J�� >������� �����@�� 6WXGLHV� GHDOLQJ� ZLWK� � DSSUR[LPDWH�
DQDO\WLF�QXPHULF�VWDELOLW\�DQG�ELIXUFDWLRQ�DQDO\VHV� �RI�VXE�KDUPRQLF� UHVRQDQFH�DQG� LWV�
WUDQVLWLRQ�WR�FKDRV�LQ�VLQJOH�GHJUHH�RI�IUHHGRP�QRQOLQHDU�RVFLOODWRUV�KDYH�WR�WKH�DXWKRU
V�
EHVW�NQRZOHGJH��EHHQ�OLPLWHG���H[FHSW�LQ�IHZ�FDVHV��WR�ILUVW�RUGHU�DSSUR[LPDWLRQV�DQG�WR��
VWDWLFDOO\� VWDEOH� DQG� XQVWDEOH� RVFLOODWRUV� ZLWK� RQO\� VWDWLF� QRQOLQHDULW\� >��� ���@�� 7KHVH�
VWXGLHV�KDYH�VKRZQ�WKDW�WKH�]RQH�RI�D�FKDRWLF�PRWLRQ�LQ�WKH�UHVSRQVH�RI�YDULRXV�W\SHV�RI�
WKH�FODVVLFDO�GXIILQJ�RVFLOODWRU�LV�IRXQG�DV�D�WUDQVLWLRQ�]RQH�EHWZHHQ�D�VHFRQGDU\��VXE�
RU�VXSHU�KDUPRQLF�� UHVRQDQFH� VROXWLRQ� DQG� WKH� FRUUHVSRQGLQJ� IXQGDPHQWDO� KDUPRQLF�
VROXWLRQ�LQ�WKH�QHLJKERUKRRG�RI�SRLQWV�RI�YHUWLFDO�WDQJHQF\��WKH�VWDELOLW\� OLPLWV��RQ�WKH�
VXE��VXSHU��KDUPRQLF� UHVRQDQFH�� &RQVHTXHQWO\�� VHYHUDO� HIIRUWV� KDYH� EHHQ� PDGH� WR�
DQDO\WLFDOO\�VHHN�D�OLQN�EHWZHHQ�VWDELOLW\�OLPLWV�RI�VXE�KDUPRQLF�VROXWLRQV�DQG�WKH�RQVHW�
RI� FKDRWLF� PRWLRQV� >�����@�� ,Q� IDFW� RQH� RI� WKH� PRVW� FHOHEUDWHG� VFHQDULR� IRU� FKDRWLF�
PRWLRQ� GHYHORSPHQW� LV� WKH� FRQWLQXRXV� VHTXHQFH� RI� SHULRGLF� GRXEOLQJ� ����� VXE�
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�
KDUPRQLF�� ELIXUFDWLRQV� >�����@�� � ,Q� WKLV� VFHQDULR�� DV� D� V\VWHP� FRQWURO� SDUDPHWHU�� L�H��
IRUFLQJ�IUHTXHQF\�RU�IRUFLQJ�DPSOLWXGH��LV�FKDQJHG��D��SHULRGLF�UHVSRQVH��L�H��D�SHULRG�7�
PRWLRQ��XQGHUJRHV�D�ELIXUFDWLRQ�RU�FKDQJH�WR�DQRWKHU�SHULRG��7��PRWLRQ� �� L�H�� WKH�QHZ�
PRWLRQ� � � KDV� WZLFH� � � WKH� SHULRG� RI� WKH� RULJLQDO� PRWLRQ�� $V� WKH� FRQWURO� SDUDPHWHU� LV�
FKDQJHG�IXUWKHU��WKH�RVFLOODWRU�SHULRG��7�PRWLRQ�ELIXUFDWHV�WR�D�SHULRG��7�PRWLRQ��WKHQ�
WKH��7�PRWLRQ�ELIXUFDWHV�WR��7�PRWLRQ���HWF��7KLV�ELIXUFDWLRQ�VFHQDULR�FRQWLQXHV�XQWLO�WKH�
FRQWURO�SDUDPHWHU�UHDFKHV�D�FULWLFDO�YDOXH��GHILQHG�E\�)HLJHQEDXP�VFDOLQJ�UXOH��VHH��L�H���
>�����@�� EH\RQG� ZKLFK� WKH� RVFLOODWRU� PRWLRQ� PD\� EHFRPH� FKDRWLF�� )XUWKHUPRUH��
QXPHULFDO� VLPXODWLRQ� UHVXOWV� KDYH� VKRZQ� VRPH� FKDRWLF� DWWUDFWRUV� LQ� VHYHUDO� QRQOLQHDU�
V\VWHPV�WR�FRQWDLQ�ZLQGRZV��SRFNHWV��RI�VWDEOH�VXE�KDUPRQLF�RUELWV��H�J��>������@��7KLV�
OHG� WR� VRPH� DXWKRUV
� YLHZ� >��@�� �VRPH� FKDRWLF� DWWUDFWRUV� DUH� LQ� IDFW� QRWKLQJ� EXW� DQ�
HQVHPEOH� RI�PDQ\� ORQJ� VXE�KDUPRQLFV��ZKRVH� EDVLQV� DUH� VR� VPDOO� DQG� FORVH� WRJHWKHU�
WKDW�WKH�VOLJKWHVW�DPRXQW�RI�QRLVH�PRYHV�H[SHULPHQWDOO\�REVHUYHG�WUDMHFWRULHV�IURP�RQH�
VLQN�WR�DQRWKHU��JLYLQJ�WKH�DSSHDUDQFH�RI�FKDRV����)LQDOO\��LW�LV�QRWHG�WKDW�VXE�KDUPRQLFV�
SURYLGH�D�XVHIXO�PHDQV�LQ�EDVLF�HOHFWURPHFKDQLFDO�WLPLQJ�PHFKDQLVPV�WR�JHDU�GRZQ�LQ�
VWDJHV�IURP�D�KLJK�IUHTXHQF\�HOHFWULFDO�LQSXW�WR�D�ORZ�IUHTXHQF\�RXWSXW�DSSURSULDWH�IRU�D�
PHFKDQLFDO�GULYH�>�@���
�

,Q� VXPPDU\�� WKH� VWXG\� RI� VWDELOLW\� DQG� ELIXUFDWLRQV� � � RI� WKH� VXE�KDUPRQLF�
UHVRQDQFH�UHVSRQVH�LQ�QRQOLQHDU�RVFLOODWRUV�DUH�FUXFLDO�GXH�WKH�IROORZLQJ�IDFWV��

�

��� $� G\QDPLF� V\VWHP� RSHUDWLQJ� LQ� WKH� VXE�KDUPRQLF� UHVRQDQFH� UHJLRQ� �L�H�� DW� KLJK�
URWDWLRQDO�VSHHG��PD\�XQGHUJR�D�VXE�FULWLFDO�ORVV�RI�VWDELOLW\�WR�D�YLROHQW�DQG�GHVWUXFWLRQ�
VXE�KDUPRQLF�YLEUDWLRQV��
�� 7KH� DSSHDUDQFH� RI� VXE�KDUPRQLFV� DQG� WKHLU� VWDELOLW\� ORVV� DUH� DVVRFLDWHG� ZLWK� WKH�
SRVVLELOLW\�RI�JHQHUDWLQJ���DSHULRGLF�DQG�FKDRWLF�VWHDG\�VWDWH�PRWLRQV��
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� 2EMHFWLYH�RI�WKH�WKHVLV�
�

,Q� OLJKW� RI� WKH� DERYH� RYHUYLHZ� �� WKLV� UHVHDUFK� DLPV� DW� REWDLQLQJ� DQDO\WLFDO�
DSSUR[LPDWLRQV�WR�WKH����UG�VXE�KDUPRQLF�UHVRQDQFH�UHVSRQVH�DQG�VWXG\LQJ�LWV�VWDELOLW\��
ELIXUFDWLRQV�DQG�WUDQVLWLRQ�WR�FKDRV���LQ�WKH��FODVV�RI�KDUPRQLFDOO\�GULYHQ�RVFLOODWRUV�ZLWK�
LQHUWLDO�DQG�HODVWLF��V\PPHWULF�QRQOLQHDULWLHV���

�FRV��� �
�

��
� W3XXXXXXXX : ����� HHG ������ ����

:KHUH� �� �� HHG DQG� 3 DUH� GLPHQVLRQOHVV� SRVLWLYH� SDUDPHWHUV�� : LV� WKH� IRUFLQJ�
IUHTXHQF\�DQG� X LV� WKH�GLPHQVLRQOHVV�GLVSODFHPHQW��7KH� LQWHUHVW� LV� WKH�FDVH�ZKHUH� WKH�
IRUFLQJ� IUHTXHQF\� LV� LQ� WKH� UDQJH�ZKHUH� WKH� VWHDG\� VWDWH� UHVSRQVH� RI� WKLV� RVFLOODWRU� LV�
GRPLQDWHG� E\� WKH� ���� VXE�KDUPRQLF��$SSUR[LPDWH� DQDO\WLFDO� VROXWLRQV� WR� WKH� ���� VXE�
KDUPRQLF�UHVRQDQFH�FXUYHV�DUH�REWDLQHG��IRU�FRPSDULVRQ�SXUSRVHV��XVLQJ�WKH�WZR�PRGHV�
KDUPRQLF�EDODQFH� ��0+%��PHWKRG�DV�ZHOO� DV� WKH�PXOWLSOH� VFDOHV� �006��SHUWXUEDWLRQ�
PHWKRG�� �6WDELOLW\�DQDO\VHV�RI� WKH�REWDLQHG�DSSUR[LPDWH�VROXWLRQV�DUH�XVHG�WR�H[DPLQH�
WKH�OLQN�LI�DQ\�EHWZHHQ�WKH�WUDQVLWLRQ�WR�FKDRV�DQG�VWDELOLW\�OLPLWV�RI�WKHVH�DSSUR[LPDWH�
VROXWLRQV��$�QXPEHU�RI�ZHOO�NQRZQ�QXPHULFDO� VLPXODWLRQ�SURFHGXUHV�� L�H��SKDVH�SODQH�
SORWV��3RLQFDUH
�PDSV��/\DSXQRY�H[SRQHQWV��IUHTXHQF\�VSHFWUD�DQG�GLUHFW�LQWHJUDWLRQ�RI�
HTXDWLRQ�RI�PRWLRQ�DUH�XVHG�WR�YHULI\�WKHRUHWLFDO�UHVXOWV�DQG�REVHUYH�FKDRWLF�EHKDYLRU��

5HVXOWV�RI� W\SLFDO�VWHDG\�VWDWH�EHKDYLRU�RI� WKH�DERYH�RVFLOODWRU�DUH�SUHVHQWHG�LQ�
JUDSKLFDO� IRUP� IRU� D� VHOHFWHG� UDQJH� RI� V\VWHP�SDUDPHWHUV�� ,W� LV� VKRZQ� WKDW� ILUVW� RUGHU�
DSSUR[LPDWH� VROXWLRQV�� GHVSLWH� WKHLU� OLPLWHG� TXDQWLWDWLYH� DQG� TXDOLWDWLYH� DFFXUDFLHV��
ZKHQ�FRPELQHG�ZLWK�UHODWLYHO\�VLPSOH�ZHOO�NQRZQ�QXPHULFDO�PHWKRGV� ��FDQ�SURYLGH�D�
XVHIXO�PHDQ� WR�XQFRYHU� � LPSRUWDQW� �DVSHFWV�RI� WKH�FRPSOLFDWHG�G\QDPLF�EHKDYLRU�RI�D�
KDUPRQLFDOO\�IRUFHG�VLQJOH�GHJUHH�RI�IUHHGRP�QRQOLQHDU�RVFLOODWRU���
�
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� 6LJQLILFDQFH�RI�WKLV�ZRUN�
�

7KH� LQWHUHVW� LQ� WKH� QRQOLQHDU� G\QDPLF� UHVSRQVH� RI� WKH� FODVV� RI� RVFLOODWRUV�
JRYHUQHG�E\�HTXDWLRQ����� OLHV� LQ� WKH�GLIIHUHQW�SK\VLFDO�V\VWHPV� WKDW� LW�PRGHOV�� VXFK�DV�
WKH� LQ�SODQH� IOH[XUDO� YLEUDWLRQV� RI� DQ� LQ�� H[WHQVLEOH� QRQ�URWDWLQJ� DQG� URWDWLQJ� EHDP�
HOHPHQW�>�����@��7KH�GHPDQGV�LQ�PRGHUQ�PDFKLQHU\�GHVLJQV�IRU�OLJKWHU�ZHLJKW��KLJKHU�
IOH[LELOLW\� DQG� KLJKHU� RSHUDWLQJ� VSHHGV� �L�H�� � VSHHGV� DERYH� WKH� IXQGDPHQWDO� � QDWXUDO�
IUHTXHQF\� �� PDNHV� VXFK� KLJKO\� IOH[LEOH� DQG� OLJKW� PDFKLQH� HOHPHQWV� VXVFHSWLEOH� WR�
�GDQJHURXV�VXE�KDUPRQLF�UHVRQDQFHV��$OVR�WKH�GHVLJQ�RI�D�SURSHU�VWUDWHJ\�WR�FRQWURO�WKH�
PRWLRQV�DQG�VXSSUHVV� WKH�YLEUDWLRQV�RI�VXFK�PDFKLQH�HOHPHQWV� UHTXLUHV�FDUU\LQJ�RXW�D�
GHWDLOHG� VWDELOLW\� DQG� ELIXUFDWLRQ� DQDO\VHV� WR� XQFRYHU� WKHLU� YDULRXV� SRVVLEOH� G\QDPLF�
EHKDYLRUV�� � )XUWKHUPRUH�� DV� LQGLFWHG� LQ� WKH� SUHYLRXV� VHFWLRQ�� PRVW� RI� WKH� H[LVWLQJ�
WKHRUHWLFDO� DQDO\VHV� RI� VXE�KDUPRQLF� UHVRQDQFHV� GHDO� ZLWK� RVFLOODWRUV� ZLWK� VWDWLF�
KDUGHQLQJ� RU� VWDWLF� VRIWHQLQJ� QRQOLQHDULWLHV�� 2Q� WKH� RWKHU� KDQG�� WKH� DERYH� RVFLOODWRU�
LQFOXGHV� ERWK� KDUGHQLQJ� DQG� LQHUWLDO� VRIWHQLQJ� QRQOLQHDULWLHV�� ZKHUH� HDFK� RI� WKHVH�
QRQOLQHDULWLHV�DORQH�OHDGV�WR�TXDOLWDWLYHO\�GLIIHUHQW�IUHTXHQF\�FKDUDFWHULVWLFV������
�

'LUHFW� QXPHULFDO� LQWHJUDWLRQ� DQG� EDVLF� PHWKRGV� RI� /\DSXQRY� H[SRQHQWV��
3RLQFDUH� PDSV�� IUHTXHQF\� DQDO\VLV� DQG� SKDVH� SODQH� SORWV� ZLOO� EH� XVHG� WR� FKHFN� WKH�
YDOLGLW\� RI� WKH� REWDLQHG� DSSUR[LPDWH� DQDO\WLF� UHVXOWV� DQG� H[DPLQH� V\VWHP� FKDRWLF�
EHKDYLRUV��
�
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� /D\RXW�RI�WKLV�7KHVLV�
�

7KLV�WKHVLV�LV�GLYLGHG�LQWR�VHYHQ�FKDSWHUV��7KH�ILUVW�FKDSWHU�LV�DQ�LQWURGXFWLRQ��,W�
SURYLGHV�DQ�RYHUYLHZ�RI�WKH�LPSRUWDQFH�RI�VWXG\LQJ��� �VXE�KDUPRQLF�UHVRQDQFH�DQG�LWV���
DVVRFLDWLRQ� WR� FKDRWLF� PRWLRQ�� $OVR�� WKLV� FKDSWHU� LQFOXGHV� WKH� WKHVLV� REMHFWLYHV� DQG�
OD\RXW�� � &KDSWHU� ���� SUHVHQWV� D� UHYLHZ� RI� UHOHYDQW� OLWHUDWXUH��&KDSWHU� ���� LQFOXGHV� WKH�
DSSUR[LPDWH� DQDO\WLF� VROXWLRQ� REWDLQHG� XVLQJ� WKH� KDUPRQLF� EDODQFH� PHWKRG� DQG� LWV�
VWDELOLW\�DQDO\VLV�� �7KH�DQDO\WLF�VROXWLRQ�REWDLQHG�XVLQJ� WKH�PHWKRG�RI�0XOWLSOH�6FDOHV�
�006�� DQG� LWV� VWDELOLW\� DQDO\VLV� DUH� JLYHQ� LQ� &KDSWHU� ����� &KDSWHU� ���� LQFOXGHV� D�
VXPPDU\� RI� WKH� PHWKRGV� XVHG� IRU� FKDRV� GHWHFWLRQ�� 7KH� REWDLQHG� WKHRUHWLFDO� DQG�
QXPHULFDO�UHVXOWV�DUH�SUHVHQWHG�DQG�GLVFXVVHG�LQ�&KDSWHU������,Q�&KDSWHU�����FRQFOXVLRQV�
DQG�UHFRPPHQGDWLRQV�RI�WKLV�ZRUN�DUH�SUHVHQWHG��
�
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/,7(5$785(�6859(<�
� ,QWURGXFWLRQ�
�

7KH�VWXG\�RI�VXE�KDUPRQLF�UHVRQDQFH�UHVSRQVH�DQG�LWV�VWDELOLW\�DQDO\VLV�LQ�VLQJOH�
GHJUHH� RI� IUHHGRP� V\VWHPV� XQGHU� KDUPRQLF� H[FLWDWLRQ� KDYH� EHHQ� WUHDWHG� LQ� VHYHUDO�
WH[WERRNV��H�J��>���@��DQG�LQ�D�QXPEHU�RI�LQYHVWLJDWLRQV��H�J��>����@�� �7KH�'XIILQJ�W\SH�
RVFLOODWRUV� � ZHUH� � WUHDWHG� LQ� >����@�� � RVFLOODWRUV� ZLWK� SLHFHZLVH� QRQ�V\PPHWULF�
FKDUDFWHULVWLFV� ZHUH� WUHDWHG� LQ� >��@�� � � D� 'XIILQJ� RVFLOODWRU� ZLWK� KDUGHQLQJ� VWDWLF� DQG�
LQHUWLD� QRQOLQLULWLHV� ZDV� WUHDWHG� LQ� >��@�� DQG� � D� 0DWKLXH�'XIILQJ� W\SH� RVFLOODWRU� ZDV�
WUHDWHG�LQ�>��@��7KH�DSSUR[LPDWH�VROXWLRQV�WR�WKH�VXE�KDUPRQLF�UHVRQDQFH�ZHUH�REWDLQHG�
XVLQJ�YDULRXV�DQDO\WLFDO� DQG�QXPHULFDO� WHFKQLTXHV�� L�H��� WKH�PHWKRG�RI� WKH�PXOWL�VFDOHV�
�006��ZDV�XVHG� LQ� >�@�� WKH�KDUPRQLF�EDODQFH�PHWKRG�ZDV�XVHG� LQ� >���@�� D� KDUPRQLF�
EDODQFH�� �VXLWDEOH� SDUDPHWULF� IRUP�� SURFHGXUH� ZDV� XVHG� LQ� >��@�� D� JHQHUDOL]HG�
SHUWXUEDWLRQ�PHWKRG�ZDV� XVHG� LQ� >��@�� DQG� WKH�PHWKRG� RI� QRUPDO� IRUPV�ZDV� XVHG� LQ�
>��@������
� 7KH�TXDOLWDWLYH�JHRPHWULF� WKHRU\� WHFKQLTXHV�� IUHTXHQWO\�XVHG� LQ� WKH� DQDO\VLV�RI�
QRQOLQHDU� G\QDPLFDO� V\VWHPV�� SHULRGLF�� DSHULRGLF� DQG� FKDRWLF� PRWLRQV� DUH� GHVFULEHG��
DPRQJ�RWKHUV�� LQ� >�����@���7KHVH� WHFKQLTXHV�DORQJ�ZLWK� �YDULRXV�DSSUR[LPDWH�DQDO\WLF�
PHWKRGV��DQG�DLGHG�ZLWK��QXPHULFDO�VLPXODWLRQV�KDV�EHHQ�XVHG�LQ��PDQ\�LQYHVWLJDWLRQV�
FRQFHUQHG�ZLWK� DQDO\VLV� RI� VWDELOLW\� DQG� ELIXUFDWLRQV� � RI� VXE�� DQG� XOWUD�VXE�KDUPRQLF�
UHVRQDQFH�UHVSRQVHV�DQG��WUDQVLWLRQ�WR�FKDRWLF�PRWLRQV���LQ��KDUPRQLFDOO\�IRUFHG�VLQJOH�
GHJUHH� RI� IUHHGRP� QRQOLQHDU� V\VWHPV�� H�J�>�����@�� � � 6]HPSOLQVND�� 6WXSQLND� >���� ��@�
XVHG�WKH�KDUPRQLF�EDODQFH���IORTXHW�WKHRU\��DQG�FRPSXWHU�VLPXODWLRQV�WR�VWXG\�VWDELOLW\�
DQG� ELIXUFDWLRQV� RI� VXE�KDUPRQLF� UHVRQDQFH� DQG� WUDQVLWLRQ� WR� FKDRV� LQ� V\PPHWULF� DQG�
DV\PPHWULF� 'XIILQJ� RVFLOODWRUV�� 7KH� SUHVHQWHG� UHVXOWV� LQ� WKHVH� VWXGLHV� UHYHDOHG� WKDW�
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FKDRWLF� PRWLRQ� RFFXUV� LQ� WUDQVLWLRQ� ]RQHV� EHWZHHQ� WZR� SHULRGLF� VROXWLRQV� KDYLQJ�
GLIIHUHQW�SHULRGV��KDYLQJ�GLIIHUHQW�WRSRORJLFDO�SURSHUWLHV���H�J���EHWZHHQ�D�VXE�RU�D�XOWUD�
VXE�KDUPRQLF� DQG� D� IXQGDPHQWDO� VROXWLRQ���7KDW� LV�� WKHVH� VWXGLHV�KDYH� VKRZQ� WKDW� WKH�
FKDRWLF�PRWLRQ� LQ�D� V\PPHWULF�RU� � DV\PPHWULF� � � �'XIILQJ�RVFLOODWRUV�RI� WKH�KDUGHQLQJ�
W\SH�� WKH� FKDRWLF�PRWLRQ� LV� DOZD\V� DVVRFLDWHG� �ZLWK� ORVV�RI� VWDELOLW\�RI� VHFRQGDU\� �L�H��
VXE�� RU� XOWUD�VXE�KDUPRQLF� RU� VXSHU�KDUPRQLF� �� UHVRQDQFH� UHVSRQVH�� � 7KH� DERYH�
DSSURDFK�ZDV� DOVR� XVHG� E\� -DQLFNL� DQG� 6]HPSOLQVND�6WXSQLFND� >�����@� WR� VWXG\� VXE�
KDUPRQLF� UHVRQDQFH�DQG�GHYHORS�D�FULWHULRQ�IRU� WKH�RQVHW�RI�FKDRV� LQ�VLQJOH�GHJUHH�RI�
IUHHGRP�RVFLOODWRUV�ZLWK�VWDWLF�QRQOLQHDULWLHV�XQGHU�KDUPRQLF�H[FLWDWLRQ���7KH��KDUPRQLF�
EDODQFH� DLGHG� ZLWK� � DQDORJ� DQG� QXPHULFDO� VLPXODWLRQV� ZDV� XVHG� E\� +D\DVKL� >��@� WR�
DQDO\]H�WKH�VWDEOH�DQG�XQVWDEOH�PDQLIROGV��VROXWLRQ�EUDQFKLQJ���KRPRFOLQLF�WDQJOH��RI�WKH�
IXQGDPHQWDOO\� QRQOLQHDU� �� KDUGHQLQJ� W\SH�� 'XIILQJ� RVFLOODWRU� NQRZQ� DV� 'XIILQJ�8GD�
RVFLOODWRU��+DPGDQ�DQG�1D\IHK�>��@����DQG�1D\IHK�HW�DO�>��@��UHVSHFWLYHO\�XVHG���D�ILUVW��
RUGHU� DQG� D� VHFRQG� RUGHU� 0XOWLSOH�6FDOHV� PHWKRG� �006�� VROXWLRQV� WR� WKH� ����
VXEKDUPRQLF� UHVRQDQFH�� D� )ORTXHW� VWDELOLW\� � DQDO\VLV� RI� WKH� REWDLQHG� DSSUR[LPDWH�
VROXWLRQV��DQG��QXPHULFDO�VLPXODWLRQ�WR�VWXG\�WKH�RQVHW�RI�SHULRG�GRXEOLQJ�ELIXUFDWLRQV�
DQG� WUDQVLWLRQ� WR� FKDRV� LQ� D� VLQJOH�PDFKLQH� TXDVL�LQILQLWH� EXVEDU� V\VWHP�� 7KH� V\VWHP�
ZDV� PRGHOHG� DV� D� 0DWKLHX
V� RVFLOODWRU� ZLWK� TXDGUDWLF� DQG� FXELF� QRQOLQHDULWLHV� DQG�
H[WHUQDO� KDUPRQLF� H[FLWDWLRQ�� 7KHLU� UHVXOWV� VKRZHG� WKDW� WKH� ORVV� RI� VWDELOLW\� RI� WKH�
REWDLQHG� DSSUR[LPDWH� VROXWLRQV� DJUHHV� IDLUO\� ZHOO� �PRUH� DFFXUDWHO\� ZKHQ� XVLQJ� WKH�
VHFRQG� RUGHU� VROXWLRQ�� ZLWK� WKH� RQVHW� RI� SHULRG�GRXEOLQJ� ELIXUFDWLRQV� ZKLFK� LV� D�
SUHFXUVRU�WR�FKDRV�DQG�ORVV�RI�V\QFKURQLVP��
� $O�4DLVLD�DQG�+DPGDQ� >������@� � � VWXGLHG� WKH�SHULRG�GRXEOLQJ�DQG� WUDQVLWLRQ� WR�
FKDRV� LQ� WKH� RVFLOODWRU� LQ� HTXDWLRQ� ���� XVLQJ� WKH� KDUPRQLF� EDODQFH� )ORTXHW� VWDELOLW\�
DQDO\VLV� RI� DV\PPHWULF� DQG� V\PPHWULF� DSSUR[LPDWH� VROXWLRQV� IRU� WKH� IXQGDPHQWDO�
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UHVRQDQFH�DQG�QXPHULFDO�VLPXODWLRQV���7KH\�SURSRVHG�D�FULWHULRQ�IRU�WKH�RQVHW�RI�SHULRG�
GRXEOLQJ� LQ� WKLV� FODVV� RI� RVFLOODWRUV� EDVHG� RQ� WKH� LQWHUVHFWLRQ� RI� WKH� DSSUR[LPDWH�
V\PPHWULF�DQG�DV\PPHWULF�KDUPRQLF�EDODQFH�VROXWLRQV���

,Q� VXPPDU\�� DSSUR[LPDWH� DQDO\WLF� VROXWLRQV� WR� VXE�� DQG� XOWUD�VXE�KDUPRQLF�
UHVRQDQFHV�� WKHLU� VWDELOLW\� DQDO\VLV� DQG� WKHLU� DVVRFLDWLRQ� WR� SHULRG� GRXEOLQJ�� RQVHW� RI�
FKDRV��DQG�ORVV�RI�V\QFKURQLVP�RQ�VLQJOH�GHJUHH�RI�IUHHGRP�QRQOLQHDU�RVFLOODWRUV�XQGHU�
KDUPRQLF� H[FLWDWLRQ� KDYH� EHHQ� WKH� VXEMHFW� RI� QXPHURXV� LQYHVWLJDWLRQV�� 7KHVH�
LQYHVWLJDWLRQV� KDYH� IRU� WKH�PRVW� SDUW� FRQVLGHUHG� WKH� FDVHV� ZKHUH� WKH� RVFLOODWRU� KDV� D�
KDUGHQLQJ� RU� VRIWHQLQJ� QRQOLQHDULWLHV�� � 7KH� FODVV� RI� RVFLOODWRUV� LQ� HTXDWLRQ� ���� ZKLFK�
LQFOXGHV�ERWK�KDUGHQLQJ�DQG�VRIWHQLQJ��L�H��HODVWLF�DQG�LQHUWLDO���QRQOLQHDULWLHV�DSSHDUV�WR�
KDYH� QRW� EHHQ� FRQVLGHUHG� H[FHSW� LQ� � >�����@��ZKHUH� WKH� DQDO\VHV�ZDV� FRQFHUQHG� RQO\�
ZLWK�WKH�SULPDU\�UHVRQDQFH�UHVSRQVH��
�
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7+(�0(7+2'�2)�08/7,3/(�6&$/(6��006��
�

� 7KH�0HWKRG�RI�0XOWLSOH�6FDOHV��006��
�
7KH� PXOWLSOH� VFDOHV� PHWKRG�� �006��� LV� RQH� RI� WKH� PRVW� FRPPRQO\� XVHG�

SURFHGXUHV� IRU� DQDO\]LQJ� YDULRXV� UHVRQDQFHV� LQ� � � ZHDNO\� QRQOLQHDU� V\VWHPV�� � 7KH�
XQGHUO\LQJ�LGHD�DQG�SURFHGXUDO�VWHSV�RI�WKLV�PHWKRG�DUH�GHVFULEHG�LQ�VHYHUDO�WH[WERRNV��
L�H��1D\IHK�DQG�0RRN>�@���7KLV�PHWKRG�XVHV�D�QXPEHU�RI�WLPH�VFDOHV�DQG�SRZHU�VHULHV�
H[SDQVLRQ�RI� WKH�GHSHQGHQW�YDULDEOH�DQG�V\VWHP�SDUDPHWHUV� � � WR�FRQYHUW� WKH�QRQOLQHDU�
V\VWHP�HTXDWLRQ�RI�PRWLRQ�LQWR�D�KLHUDUFKLFDO�VHW�RI�OLQHDU�SDUWLDO�GLIIHUHQWLDO�HTXDWLRQ��
7KLV� H[SDQVLRQ� LV� EDVHG� RQ� D� VPDOO� SRVLWLYH� JDJH� SDUDPHWHU� H XVXDOO\� LQWHQWLRQDOO\�
LQWURGXFHG� E\� D� VFDOLQJ� SURFHGXUH� GHSHQGLQJ� RQ� WKH� W\SH� RI� VRXJKW� SHULRGLF� VROXWLRQ�
�L�H��SULPDU\�RU�VHFRQGDU\� UHVRQDQFH�UHVSRQVH���7KH�REWDLQHG�KLHUDUFKLFDO�VHW�RI� OLQHDU�
SDUWLDO� GLIIHUHQWLDO� HTXDWLRQV� DUH� WKHQ� VROYHG� FRQVHFXWLYHO\� WR� WKH� GHVLUHG� RUGHU� RI�
DSSUR[LPDWLRQ��7KH�PDLQ�DGYDQWDJHV�RI�WKLV�PHWKRG�LQFOXGH�LWV�DSSOLFDELOLW\�IRU�D�ZLGH�
FODVV� RI� QRQOLQHDU� V\VWHPV�� DQG� LW� KDV� V\VWHPDWLF� SURFHGXUDO� VWHSV�� 7KLV� SURFHGXUH�
KRZHYHU� LV� � UHVWULFWHG� WR� ZHDNO\� QRQOLQHDU� V\VWHPV�� DOJHEUDLFDOO\� FXPEHUVRPH� ZKHQ��
VROXWLRQV� DUH� FDUULHG� WR� VHFRQG�DQG�KLJKHU�RUGHU� DSSUR[LPDWLRQV� DQG� LW� LQYROYHV� VRPH�
KHXULVWLF� SURFHGXUHV� DW� WKH� VHFRQG� DQG� KLJKHU� RUGHU� ZKLFK� FDQ� LQWURGXFH� H[WUDQHRXV�
VROXWLRQV���SHULRGLF�VROXWLRQV�ZKLFK�GR�QRW�H[LVW�LQ�WKH�V\VWHP�EHLQJ�DQDO\]HG���H�J���VHH�
>�����@���

7KLV�FKDSWHU�LQFOXGHV�WKH�ILUVW�RUGHU�006�DSSUR[LPDWH�VROXWLRQV�IRU�WKH�����VXE�
KDUPRQLF�UHVRQDQFH�UHVSRQVH�LQ�WKH�RVFLOODWRU�GHVFULEHG�E\�HTXDWLRQ������,W�DOVR�LQFOXGHV�
D ORFDO�VWDELOLW\�DQDO\VLV�RI�WKH�REWDLQHG�DSSUR[LPDWH�VROXWLRQV��

�
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� )LUVW�2UGHU�006�$SSUR[LPDWLRQ�
�

,Q� DSSO\LQJ� WKH�006�PHWKRG� WR� WKH� DQDO\VLV� RI� D� VXE�KDUPRQLF� UHVSRQVH� RI� D�
QRQOLQHDU� RVFLOODWRU�� VXFK� DV� WKH� RQH� XQGHU� FRQVLGHUDWLRQ� JLYHQ� E\� HTXDWLRQ� ����� RQH�
PXVW�NHHS�LQ�PLQG�WKDW�WKH�VXE�KDUPRQLF�UHVRQDQFH�LV��DV�LQGLFDWHG�LQ�VHFWLRQ�������LV�D�
ELIXUFDWLRQ�SKHQRPHQRQ��7KDW�LV��WKH�����VXE�KDUPRQLF�UHVRQDQFH�UHVSRQVH�RI�HTXDWLRQ�
��� DULVHV�DV�D�ELIXUFDWLRQ�IURP�D�JHQHUDWLQJ�IXQGDPHQWDO�UHVSRQVH��D�SHULRGLF�UHVSRQVH�
KDYLQJ� WKH� VDPH� DV� WKDW� RI� WKH�KDUPRQLF� IRUFLQJ���)XUWKHUPRUH� WKH�RUGHU� �L�H�� VFDOLQJ��
VFKHPH�XVHG�ZKHQ�DSSO\LQJ�WKH�006�PHWKRG�ZLOO�GHSHQG�RQ�WKH�W\SH�RI� WKH�SHULRGLF�
UHVSRQVH�VRXJKW�>�@���,Q�RUGHU�WR�REWDLQ�D�IXQGDPHQWDO�KDUPRQLF�JHQHUDWLQJ�VROXWLRQ�IRU�
WKH�VXE�KDUPRQLF�UHVRQDQFH�UHVSRQVH��LW�LV�QHFHVVDU\�WR�RUGHU�WKH�HTXDWLRQ�RI�PRWLRQ�VR�
WKDW� WKH� IRUFLQJ� WHUP� DSSHDUV� DW� WKH� ORZHVW� �H�J�� ]HUR�� RUGHU�� DQG� WKH� GDPSLQJ� DQG�
QRQOLQHDU� WHUPV� DSSHDU� DW� WKH� QH[W� KLJKHU� RUGHU� LQ� WKH� KLHUDUFKLFDO� VHW� RI� HTXDWLRQV��
$FFRUGLQJO\��HTXDWLRQ�����LV�UHZULWWHQ�LQ�WKH�UHRUGHUHG�IRUP��
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:KHUH �� �� H � 2QH�WKHQ�GHILQHV�D�IDVW�WLPH�VFDOH� W7  � � RQ�ZKLFK�WKH�PDLQ�
RVFLOODWRU\�UHVSRQVH�RFFXUV��DQG�VORZ�WLPH�VFDOHV �� t QW7 Q

Q H � RQ�ZKLFK�SKDVH�DQG�
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EHFRPH��

� � �����
���

�
��

�
�

�
�

�

�
�

�

���� 
��� 

''''''GW
G

'''GW
G

RRR

R

HH
HH

���



www.manaraa.com

��

:KHUH
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Q 7' w
w � $OVR�RQH�DVVXPHV�D�SRZHU�VHULHV�H[SDQVLRQ�IRU�WKH�GHSHQGHQW�
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� � � � � � � ����

�
����� ������� 777X777X777XWX RRRR HHH �� �����

�
6LQFH�WKH�����VXE�KDUPRQLF�UHVRQDQFH�UHVSRQVH�LV�VRXJKW��D�GHWXQLQJ�SDUDPHWHU V �
ZKLFK�H[SUHVVHV�WKH�QHDUQHVV�RI�: WR Z� � PD\�EH�LQWURGXFHG�DFFRUGLQJ�WR�>��@��

� HVZ �:  ��

�
�� ����

6XEVWLWXWLQJ�HTXDWLRQV���������LQWR�HTXDWLRQ�����RQH�REWDLQV��
�
� �� �� �� �

� �
� � � �� �� � � �� �> @ °¿

°¾½°̄
°®­ �������

��������

���:�
�����

�����

�

�
�

�
�

��
�

��
�

�
�

�

�
�

�
�

�
�
�

�
�

�
�

��

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

��
�

�

�
�

�
�

�
�
�

�
�

�
�

�

@��>
��

��

��

XXX'''XXX
XXX''''''XXX

XXX
XXX'''

XXX''''''

R

RRR

R

RRR

HHHHHHHH
HHHHHHHHHHH

HHHHV
HHHHHGH

HHHHHH

> @ � �W3XXX : ��� FRV�

�
�

�
�

�� HHHHH ���
(TXDWLQJ�FRHIILFLHQWV�RI�GLIIHUHQW�SRZHUV�RI�H LQ�HTXDWLRQ�����WR�]HUR�OHDGV�WR�IROORZLQJ�
VHW�RI�OLQHDU�SDUWLDO�GLIIHUHQWLDO�HTXDWLRQV��

��H
� �W3XX' RRR : :� FRV�

� �� ����

��H
� � RRRRRRRRRRRRR X'XX''X'XX'XXXX' ��

��
�

�
�

��
�

�
� ��

� HGHHV ������ :� ����

��H



www.manaraa.com

��

� � RRRRRRRR

RRRRRRRRRRRR

RRRRRRRRRR

X'XXX''X'XXX'X
X'X'X'XX'X'XX'XX
X''XX'XXX''X'XXX'

�
�����

�
��

�
��

�����
�

��

�
�

��
��

�
�

��
�
���

�
�

�

�
��

����
�

HGHH
GHHH

HHHV

�����
����

������ :�
����

7KH�VROXWLRQ�RI�HTXDWLRQ�����FDQ�EH�H[SUHVVHG�LQ�HLWKHU�WKH�IRUP�
> @ �FRV�����FRV��� ���
�

�� RRR 777777DX :/��: E
����
2U WKH�IRUP�

RRRR 7L7L7L7L
R HHH77$H77$X :�::�: /�/�� �����

��
�����

�� ������
�����
�

:KHUH� $ LV�WKH�FRPSOH[�FRQMXJDWH�RI�� ELDH$ �
� DQG��

���
�
:� / 3 �

����
6XEVWLWXWLQJ�HTXDWLRQ������LQWR�HTXDWLRQ�����OHDGV�WR�
�

������
��

��

��
�

�
��

�
��

�
�

�

��
����

�
��

�
�
�

�
�

�
�

R7L

R

H$$

$$$$L$'LXX'
:»¼

º/¹̧
·

©̈
§ �:�/¹̧

·
©̈
§ �:�

«¬
ª

¹̧
·

©̈
§ �:��:�� :�

HHHH

HHVG

� � R7LH$$L :»¼
º/�:�/¹̧

·
©̈
§ �:�«¬

ª
¹̧
·

©̈
§ �:�/�:/�� �

�
�

�
�

��
��

��
� ����

��
�
� HHHHHHVG

� �
FFHH$

H$$
7L7L

7L

R

R

�/�:�»¼
º«¬

ª /¹̧
·

©̈
§ �:�

»¼
º«¬

ª /¹̧
·

©̈
§ �:�/�:�

::

:

���
�

�
�

������
�

�
�

������
�

�
�

�
�

�
�

�����
��

��
����

HHHH

HHHH �����



www.manaraa.com

��

:KHUH� FF� VWDQGV� IRU� WKH� FRPSOH[� FRQMXJDWH� RI� WKH� SUHFHGLQJ� WHUPV�� (OLPLQDWLQJ� WKH�
VHFXODU�WHUPV��WHUPV�WKDW�UHQGHU�WKH�H[SDQVLRQ�QRQ�XQLIRUP�IRU�ODUJH�W��LQ�HTXDWLRQ�������
RQH�REWDLQV��
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:KHUH�D�SULPH�GHQRWHV�GHULYDWLYH�ZLWK�UHVSHFW�WR�WKH�VORZ�WLPH� �7 � 6HSDUDWLQJ�WKH�UHDO�
DQG�LPDJLQDU\�SDUWV�RI�WKH�FRPSOH[�GLIIHUHQWLDO�HTXDWLRQ������DQG�HTXDWLQJ�HDFK�WR�]HUR��
OHDGV�WR�WKH�DPSOLWXGH�DQG�SKDVH�PRGXODWLRQ�ILUVW�RUGHU�UHDO�GLIIHUHQWLDO�HTXDWLRQV�LQ�WKH�
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7KH�VWHDG\�VWDWH�PRWLRQV�DUH�REWDLQHG��IURP�HTXDWLRQV������DQG������E\�VHWWLQJ�

� c c ED � WKLV�OHDGV�WR�WKH�WULYLDO�VWHDG\�VWDWH�VROXWLRQ�� � D DQG�WKH�QRQWULYLDO�VWHDG\�
VWDWH�VROXWLRQV�GHILQHG�E\�WKH�DOJHEUDLF�HTXDWLRQV��

� ��VLQ���
����

� �
��

� EHHG :�/ : D �����

��FRV���
����

���
������

����
�

�
� �

��
��

��
��

�� EHHHHHHV DD /:� /:��:�� � �������

�
6TXDULQJ�DQG�DGGLQJ�HTXDWLRQ������DQG�HTXDWLRQ������OHDGV�WR�WKH�IUHTXHQF\�UHVSRQVH�
HTXDWLRQ��
�

��
�

�
�  �� 5D5D

����
:KLFK�KDV�WKH�URRWV��

� ���
�

����
��� @��>�� 555D �r� 

�����������������������
:KHUH�

�
�
�

���
�

�
P

PPP5 � �
�
�

�
�
�

� P
PP5 � �

�
��� ���

�

VHHHH �� P � ��������� ����

�

� VHHHHHV ��/� P �

����
�

���
�

� �������� HHHH ��/ P � ��
��

�

: GP

DQG� /�V DUH� DV� GHILQHG� LQ� HTXDWLRQV� ���� DQG� ������ (TXDWLRQ� ������ IRU� JLYHQ� V\VWHP�
SDUDPHWHUV� 3���� �� HHHG DQG� IUHTXHQF\� : \LHOGV� WZR� UHDO� YDOXHV� �QRQ�WULYLDO�
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VROXWLRQV��IRU� WKH�DPSOLWXGH�D RI�WKH�����VXE�KDUPRQLF�UHVRQDQFH�UHVSRQVH�RI�HTXDWLRQ�

��� SURYLGHG�WKDW�� ��� �5 �� �

�
� !� 55 DQG �@�> ����

�

�
� 555 ��� �

$QG�D�VLQJOH�VROXWLRQ��UHDO�YDOXH�IRU D � H[LVWV�SURYLGHG�WKDW� �� �

�
� !� 55 DQG�

�@�>
����

�

�
� 555 �!� � ZKLOH�QR�VROXWLRQV��QR�UHDO�YDOXHV�RI�D � H[LVW�ZKHQ�QRQH�RI�WKHVH�

FRQGLWLRQV�LV�VDWLVILHG��
�

)RU� FRQYHQLHQFH�� WKH� VWHDG\� VWDWH� ���� VXE�KDUPRQLF� UHVRQDQFH� FXUYHV� RI� WKH�
RVFLOODWRU� LQ� HTXDWLRQ� ���� REWDLQHG� XVLQJ� WKH� DERYH� UHVXOWV� RYHU� D� UDQJH� RI� V\VWHP�
SDUDPHWHUV�DUH�SUHVHQWHG�DQG�GLVFXVVHG�LQ�FKDSWHU������$OO�RI�WKH�QHHGHG�FDOFXODWLRQV�LQ�
WKH�DERYH�HTXDWLRQV�ZHUH�FDUULHG�RXW�XVLQJ�D�VSHFLDOO\�IRUPXODWHG�0$7/$%�SURJUDP���
7KH�VWDELOLW\�DQDO\VLV�RI�WKHVH�VROXWLRQV�LV�SUHVHQWHG�LQ�WKH�QH[W�VHFWLRQ��
�
� 6WDELOLW\�DQDO\VLV�
�

,W� LV� QHFHVVDU\� WR� FDUU\� RXW� D� VWDELOLW\� DQDO\VLV� RI� DSSUR[LPDWH� VWHDG\� VWDWH�
DQDO\WLF� VROXWLRQV� RI� D� QRQOLQHDU� V\VWHP� VLQFH� QRW� DOO� RI� WKHVH� VROXWLRQV� PD\� EH�
SK\VLFDOO\�UHOHDVDEOH��H�J��DUH�VWDEOH���$OVR�D�NH\�DLP�RI�WKH�SUHVHQW�ZRUN�LV�WR�H[DPLQH�
WKH�UHODWLRQ��LI�DQ\��EHWZHHQ�ORVV�RI�VWDELOLW\�RI�WKH�REWDLQHG�����VXE�KDUPRQLF�UHVRQDQFH�
VROXWLRQV�DQG�WKH�RQVHW�RI�FKDRWLF�PRWLRQV���7KH�ORFDO�VWDELOLW\�RI�VWHDG\�VWDWH�VROXWLRQV�
�H�J�� VLQJXODU� SRLQWV� RI� HTXDWLRQV� ����� DQG� ������ GHVFULELQJ� WKH� ���� VXE�KDUPRQLF�
UHVRQDQFH� UHVSRQVH� RI� WKH� RVFLOODWRU� LQ� HTXDWLRQ� ���� FDQ� EH� GHWHUPLQHG� E\� LPSRVLQJ���
SHUWXUEDWLRQV�RQ�WKHVH�VROXWLRQV��WKDW�LV��RQH�OHWV��
� �� DDD � ����� �� EEE � � �����
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:KHUH� WKH� VXEVFULSW � GHQRWHV� D� VWHDG\� VWDWH� YDOXH� DQG� D� VXEVFULSW� �� GHQRWHV� D�
SHUWXUEDWLRQ��H�J��VPDOO��YDOXH���6XEVWLWXWLQJ�HTXDWLRQ������LQWR�HTXDWLRQV������DQG�������
DIWHU�IDFWRULQJ�RXW� D IURP�HTXDWLRQ�������XVLQJ�HTXDWLRQV������DQG�������ZLWK� D UHSODFHG�
E\ �D � DQG� E UHSODFHG�E\� �E ���DQG�NHHSLQJ�RQO\�OLQHDU�WHUPV��OHDGV�WR�

� ��
�
������� ��FRV��@�VLQ�> EEDGED DDDD �:� c �����

� �������� ��VLQ����� EEDDE DDD � c �����
:KHUH�

� ��
����

� �
��� :�/ HHD � ��

����
� �

��� :� HHD �

��
��� ��

���� /:� HHD �����

�:LWK��IURP�HTXDWLRQV������DQG�������
�
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$QG� /�V DUH�DV�GHILQHG� LQ�HTXDWLRQV� ����DQG�������(TXDWLRQV� �����DQG������ LV�D�VHW�RI�
WZR�FRXSOHG��KRPRJHQHRXV��RUGLQDU\�OLQHDU�ILUVW�RUGHU�GLIIHUHQWLDO�HTXDWLRQV��LQ�WKH�VORZ�
WLPH �7 � ZLWK�FRQVWDQW�FRHIILFLHQWV��7KH�VROXWLRQ�WR�WKHVH�HTXDWLRQV�WDNHV�WKH�H[SRQHQWLDO�
IRUP��
� �

���
7HDD O � �

���
7HOEE  �����

:KHUH� ���� �ED DQG� O DUH�FRQVWDQWV���6XEVWLWXWLQJ�WKH�H[SUHVVLRQV�LQ�HTXDWLRQ������DQG�
WKHLU� ILUVW� GHULYDWLYH� � � LQWR� HTXDWLRQV� ����� DQG� ������ IDFWRULQJ� RXW� �7HO OHDGV� WR� WKH�
DOJHEUDLF�KRPRJHQRXV��H�J��HLJHQ�YDOXH��SUREOHP��
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:KHUH� '&%$ ��� DUH�FRQVWDQW�FRHIILFLHQWV�GHILQHG�DV�IROORZV��

��FRV���VLQ� �
�
����� EDGED D%D$  :� 

�����
����� �VLQ��� EDD D'D& �  �

)RU�D�QRQWULYLDO� VROXWLRQ� WKH�GHWHUPLQDQW�RI� WKH�FRHIILFLHQW�PDWUL[� LQ� WKH�DERYH�
HTXDWLRQ�PXVW�YDQLVK��7KLV�OHDGV�WR�D�TXDGULF�DOJHEUDLF�HTXDWLRQ�IRU�WKH�HLJHQ�YDOXHO �
7KH�WZR�URRWV�RI�WKLV�HTXDWLRQ�DUH�JLYHQ�E\��

� � �����
��� �@���>��

� %&$''$'$ ���r� O � �����

7KHQ� IRU� VWDELOLW\� RI� WKH� VLQJXODU� SRLQWV�RI� HTXDWLRQV� ����� DQG� ����� �L�H�� VWHDG\�
VWDWH� VROXWLRQV� �� �ED � UHTXLUHV� WKH� UHDO� SDUW� RI� WKH� URRWV� ���O LQ� HTXDWLRQ� ������ZKHQ�
WKHVH� URRWV� DUH� FRPSOH[�� WR�EH�QHJDWLYH�� DQG� WKHVH� URRWV� WR�EH�QHJDWLYH�ZKHQ� WKH\�DUH�
UHDO��7KDW� LV�IRU�VWDELOLW\�RI�WKH�VWHDG\�VWDWH�VROXWLRQV�WKH�IROORZLQJ�FRQGLWLRQV�PXVW�EH�
VDWLVILHG��
� ��� '$ � �!� %&$' � �����
�
:KHUH�DW�WKH�VWDELOLW\�OLPLWV�WKH�DERYH�FRQGLWLRQV�EHFRPH��
�

� � '$ � � � %&$' � �����
6XEVWLWXWLQJ�WKH�H[SUHVVLRQV�JLYHQ�LQ�HTXDWLRQV������LQWR�WKH�ILUVW�RI�HTXDWLRQV������OHDGV�
WR�WKH�IROORZLQJ�VWDELOLW\�OLPLW�FRQGLWLRQ���
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7KDW�LV��WKH�REWDLQHG�����VXE�KDUPRQLF�UHVRQDQFH�VROXWLRQ�REWDLQHG�LQ�VHFWLRQ�������H�J��
JLYHQ�E\�HTXDWLRQ�������LV�VWDEOH�SURYLGHG�WKDW�HTXDWLRQ������LV�VDWLVILHG���
�
6LPLODUO\�� XSRQ� VXEVWLWXWLQJ� WKH� H[SUHVVLRQV�GHILQHG� LQ� HTXDWLRQV� ����� LQWR� WKH� VHFRQG�
VWDELOLW\� OLPLW� FRQGLWLRQ� � JLYHQ� LQ� HTXDWLRQ� ����� �� OHDGV� WR� WKH� IROORZLQJ� ��� WKH� RUGHU�
DOJHEUDLF�HTXDWLRQ�LQ�WKH�DPSOLWXGH� �D RI�WKH�����VXE�KDUPRQLF��VWHDG\�VWDWH�UHVRQDQFH�
UHVSRQVH��

� ��������� �
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�

7KH�URRWV�RI�WKH�DERYH�HTXDWLRQ�DUH�JLYHQ�E\��

� > @�����
� ����

� FEED �r� �����

:KHUH��
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7KH� UHDO� URRWV� RI� WKH� DERYH� HTXDWLRQ� � GHILQH� �� IRU� JLYHQ� V\VWHP� SDUDPHWHUV� RI� WKH�
RVFLOODWRUV� LQ� � HTXDWLRQ� ����� WKH� � DPSOLWXGH�� IUHTXHQF\� FXUYH�V�� ZKLFK� VHSDUDWH�V�� WKH�
VWDEOH� DQG� XQVWDEOH� UHJLRQV� LQ� WKH� � FRUUHVSRQGLQJ� VWHDG\� VWDWH� ���� VXE�KDUPRQLF�
UHVRQDQFH� � UHVSRQVH� RI� WKLV� RVFLOODWRU�� � $OO� RI� WKH� FDOFXODWLRQV� QHHGHG� WR� SORW� WKHVH�
FXUYHG�ZHUH�FDUULHG�RXW�XVLQJ�D�VSHFLDOO\�ZULWWHQ�0$7/$%�SURJUDP��)RU�FRQYHQLHQFH��
H[DPSOHV�RI�WKHVH�UHVXOWV�DUH�SUHVHQWHG�DQG�GLVFXVVHG�LQ�&KDSWHU�������
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� ,QWURGXFWLRQ�
7KH� DQDO\VLV� RI� G\QDPLF� UHVSRQVH� RI� D� QRQOLQHDU� V\VWHP� XVXDOO\� LQYROYHV�

FRPSDULVRQV�RI�WKH�UHVXOWV�REWDLQHG�XVLQJ��D�VHOHFWHG��DSSUR[LPDWH�DQDO\WLF�PHWKRG�ZLWK��
WKRVH� REWDLQHG� QXPHULFDOO\� � DV� ZHOO� DV� ZLWK� WKRVH� REWDLQHG� XVLQJ� RWKHU� NQRZQ�
DSSUR[LPDWH� DQDO\WLF� PHWKRGV�� 6XFK� FRPSDULVRQV� DUH� XVXDOO\� QHFHVVDU\� LQ� RUGHU� WR�
HVWDEOLVK�FRQILGHQFH� LQ� WKH�REWDLQHG�UHVXOWV�� � ,Q� WKH�SUHYLRXV�&KDSWHU� �����DSSUR[LPDWH�
DQDO\WLFDO�VROXWLRQV�IRU�WKH�����WKH�VXE�KDUPRQLF�UHVRQDQFH�UHVSRQVH�RI�WKH�RVFLOODWRU�LQ�
HTXDWLRQ�����ZHUH�REWDLQHG�XVLQJ�WKH�ZHOO�NQRZQ�PXOWLSOH�VFDOHV��006���,Q�WKLV�FKDSWHU�
DQDO\WLFDO�DSSUR[LPDWH�VROXWLRQV�WR�WKLV�SUREOHP�DUH�REWDLQHG��IRU�FRPSDULVRQ�SXUSRVHV��
XVLQJ� WKH� KDUPRQLF� EDODQFH� �+%�� >���@� ZKLFK� LV� DQRWKHU� FRPPRQO\� XVHG� DQDO\WLF�
PHWKRG�� � 7KH� XQGHUO\LQJ� LGHD� RI� WKH� +%� PHWKRG� LV� WKDW� RQH� VXEVWLWXWHV� DQ� DVVXPHG�
WUXQFDWHG� )RXULHU� VHULHV� DSSUR[LPDWLRQ� IRU� WKH� GHSHQGHQW� YDULDEOH� LQ� WKH� HTXDWLRQ� RI�
PRWLRQ��7KHQ�RQH�HTXDWHV�WKH�FRHIILFLHQWV�RI�HDFK�RI�WKH�GLIIHUHQW�Q�ORZHVW�KDUPRQLFV�LQ�
WKH� UHVXOWLQJ� HTXDWLRQ� WR� ]HUR�� ZKHUH� Q LV HTXDO� WR� WKH� QXPEHU� WHUPV� LQ� WKH� DVVXPHG�
VHULHV�DSSUR[LPDWLRQ��7KLV�OHDGV�WR�D�V\VWHP�RI�Q FRXSOHG�QRQOLQHDU�DOJHEUDLF�HTXDWLRQV�
LQ WKH�FRHIILFLHQWV�RI�WKH�DVVXPHG�VHULHV�ZKLFK�PXVW�EH�VROYHG�VLPXOWDQHRXVO\��7KH�+%�
PHWKRG�LV�XVXDOO\�FDOOHG�P PRGHV�KDUPRQLF�EDODQFH��L�H���P+%���ZKHUH�P LV�HTXDO�WR�
WKH�QXPEHU�RI�KDUPRQLFV�ZLWK�GLIIHUHQW�IUHTXHQF\�LQ�WKH�DVVXPHG�VHULHV�VROXWLRQ��
7KH� KDUPRQLF� EDODQFH� �+%��PHWKRG� KDV� VHYHUDO� DGYDQWDJHV� LQ� FRPSDULVRQ�ZLWK� RWKHU�
ZHOO�NQRZQ�DSSUR[LPDWH�DQDO\WLF�PHWKRGV�� �,Q�DGGLWLRQ�RI�EHLQJ�SUREDEO\�WKH�VLPSOHVW�
WHFKQLTXH��WKH�DGYDQWDJHV�RI�WKH�+%�PHWKRG�RYHU�RWKHU�PHWKRGV�LQFOXGH�>������@��
�
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��� 7KH� KDUPRQLF� EDODQFH� �+%�� PHWKRG� LV� QRW� UHVWULFWHG� WR� ZHDNO\�

QRQOLQHDU� V\VWHPV�� )RU� D� VPRRWK� V\VWHP� WKH� +%� VROXWLRQ� DOZD\V�
FRQYHUJHV� WR� WKH�H[DFW� VROXWLRQ�SURYLGHG� WKDW�HQRXJK�KDUPRQLFV�DUH�
LQFOXGHG�LQ�WKH�DVVXPHG�WUXQFDWHG�)RXULHU�VHULHV�DSSUR[LPDWLRQ��

�� 7KH� +%� PHWKRG� DFFRPPRGDWHV� TXDOLWDWLYH� DV� ZHOO� DV� TXDQWLWDWLYH�
FKDQJHV�LQ�WKH�DSSUR[LPDWH�VROXWLRQ�DV�PRUH�KDUPRQLFV�DUH�LQFOXGHG�
LQ� WKH�DVVXPHG�)RXULHU�VHULHV�DSSUR[LPDWLRQ�� ,Q�RWKHU�ZRUGV��KLJKHU�
GHJUHH�RI�DFFXUDF\�FDQ�EH�REWDLQHG�LI�PRGHUQ�DSSURSULDWH�QXPHULFDO�
DQG� V\PEROLF� FRPSXWDWLRQDO� UHVRXUFHV� VXFK� DV�0$7/$%� V\PEROLF�
WRRO�ER[HV�DUH�XVHG�����

�
,Q WKH�SUHVHQW�ZRUN��WKH�WZR�PRGH�KDUPRQLF�EDODQFH���+%��PHWKRG�ZLOO�

EH XVHG� WR� REWDLQ� DQ� DSSUR[LPDWH� VROXWLRQ� IRU� WKH����� VXE�KDUPRQLF� UHVRQDQFH�
UHVSRQVH� RI� WKH� RVFLOODWRU� LQ� HTXDWLRQ� ����� 7KLV� FKDSWHU� DOVR� LQFOXGHV� VWDELOLW\�
DQDO\VLV�RI�WKH�REWDLQHG��+%�VROXWLRQ��

�
� 7ZR�0RGHV�+DUPRQLF�%DODQFH���0+%��
�

,Q� DSSO\LQJ� WKH� KDUPRQLF� EDODQFH� WR� REWDLQ� D� VWHDG\� VWDWH� UHVSRQVH� RI� D�
KDUPRQLFDOO\�GULYHQ�VLQJOH�GHJUHH�RI�IUHHGRP�QRQOLQHDU�V\VWHP�VXFK�DV�WKH�RVFLOODWRU�LQ�
HTXDWLRQ�����D�SKDVH�VKLIW�LV�XVXDOO\�LQWURGXFHG�LQ�WKH�KDUPRQLF�IRUFLQJ��7KLV�LV�GRQH�VR�
WKDW� WKH� SDUW� RI� WKH� DVVXPHG� VROXWLRQ� DW� WKH� IRUFLQJ� IUHTXHQF\� LQYROYHV� RQO\� D� VLQJOH�
IXQGDPHQWDO�VLQH�RU�FRVLQH�WHUP��7KLV�SURFHGXUDO�VWHS�UHGXFHV�WKH�QXPEHU�RI�QRQOLQHDU�
DOJHEUDLF�HTXDWLRQV�LQ� WKH�FRHIILFLHQWV�RI�WKH�DVVXPHG�VHULHV�VROXWLRQ�ZKLFK�RQH�KDV�WR�
VROYH�WR�D�QXPEHU�ZKLFK�LV�RQH�OHVV�WKDW�ZRXOG�EH�REWDLQHG�RWKHUZLVH���,W�LV�DOVR�QRWHG�
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WKDW�LQ�DSSO\LQJ�WKH�+%�PHWKRG��XQOLNH�WKH�FDVH�ZKHQ�006�LV�XVHG��LW�LV�QRW�QHFHVVDU\�
WR�UHRUGHU�WHUPV��RU�LQWURGXFH�DSSURSULDWH�GHWXQLQJ��LQ�WKH�QRQOLQHDU�HTXDWLRQ�RI�PRWLRQ��
$FFRUGLQJO\�� LQWURGXFLQJ� D� SKDVH� I LQ� WKH� KDUPRQLF� H[FLWDWLRQ� RI� HTXDWLRQ� ����� WKLV�
HTXDWLRQ�EHFRPHV��

� �FRV��� �
�

��
� IHHG �: ����� W3XXXXXXXX ������ ����

$ WZR�PRGHV�KDUPRQLF�DSSUR[LPDWLRQ� WR� WKH�VWHDG\�VWDWH�����VXE�KDUPRQLF� UHVRQDQFH�
UHVSRQVH�RI�WKH�DERYH�RVFLOODWRU�WDNHV�WKH�IRUP��

�

� � � � ¹̧
·

©̈
§:�¹̧

·
©̈
§:�: �VLQ�FRVFRV �������

W%W$W$WX �����

:KHUH�� DV� ZDV� LQGLFDWHG� LQ� FKDSWHU� ����� � � VLQFH� WKH� VXE�KDUPRQLF� UHVRQDQFH� LV� D�
ELIXUFDWLRQ� SKHQRPHQRQ�� WKHQ�� OLNH� WKH� 006� VROXWLRQ�� D� JHQHUDWLQJ� IXQGDPHQWDO�
WHUP� �FRV�� W$ : PXVW�EH� LQFOXGHG� LQ� WKH�DVVXPHG�+%�VROXWLRQ�� �6XEVWLWXWLQJ�HTXDWLRQ�
���� DQG�LWV�ILUVW�DQG�VHFRQG�GHULYDWLYHV����ZKLFK�DUH��
�
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§ :�¹̧

·
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§ :�:�: �FRV��VLQ�VLQ ������

�

W%W$W$WX� � �����

� � � � � »¼
º«¬

ª
¹̧
·

©̈
§ :�¹̧

·
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�
� W%W$W$WX�� � �����

�
,QWR� HTXDWLRQ� ������ XVLQJ� DSSURSULDWH� WULJRQRPHWULF� LGHQWLWLHV� WR� VLPSOLI\� QRQOLQHDU�
WHUPV�� FROOHFWLQJ� FRHIILFLHQWV� RI� VLPLODU� KDUPRQLFV�� LJQRULQJ� KDUPRQLF� WHUPV� JUHDWHU�
WKDQ� WKH� IXQGDPHQWDO�� DQG� VHWWLQJ� WKH� FRHIILFLHQWV�RI� GLIIHUHQW� UHPDLQLQJ�KDUPRQLFV� WR�
]HUR��OHDGV�WR�WKH�IROORZLQJ�VHW�RI�FRXSOHG�QRQ�OLQHDU�DOJHEUDLF�HTXDWLRQV��
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7KH�DERYH�IRXU�QRQOLQHDU�FRXSOHG�DOJHEUDLF�HTXDWLRQV�KDV�IRXU�XQNQRZQ�FRQVWDQWV�

������� �� %$$ DQGI � 7KHVH� HTXDWLRQV� FDQ� EH� UHGXFHG� WR� WKUHH� LQ� WKH�
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FRQVWDQWV �� ���� $$ ���% � E\�DGGLQJ� WKH�VTXDUH�RI�HTXDWLRQV� �����DQG������ WR�HOLPLQDWH� WKH�
SKDVH� I � 7KLV� OHDGV� WR� WKH� IROORZLQJ� HTXDWLRQ�� ZULWWHQ� LQ� D� IRUP� DSSURSULDWH� IRU� D�
SDUWLFXODU�QXPHULFDO�SURFHGXUH�LOOXVWUDWHG�VKRUWO\���
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(TXDWLRQV� ���������� DUH� WKUHH� QRQOLQHDU� FRXSOHG� DOJHEUDLF� HTXDWLRQV�ZKLFK�� IRU�

JLYHQ� V\VWHP� SDUDPHWHUV�� FDQ� RQO\� EH� VROYHG� QXPHULFDOO\� IRU� WKH� WKUHH� XQNQRZQ�
KDUPRQLF� FRHIILFLHQWV� ���� � $$ DQG� ���% LQ WKHVH� HTXDWLRQV�� $� QXPHULFDO� VROXWLRQ� WR�
WKHVH� HTXDWLRQV� FDQ� EH� FDUULHG� RXW� XVLQJ� DQ\� RI� WKH� VHYHUDO� ZHOO� NQRZQ� PHWKRGV� RI�
QRQOLQHDU� FRXSOHG� DOJHEUDLF� HTXDWLRQV� VROYLQJ� WHFKQLTXHV� VXFK� DV� 1HZWRQ�� 5DSKVRQ�
PHWKRG�DYDLODEOH�LQ�WKH�0$7/$%�QRQOLQHDU�DOJHEUDLF�HTXDWLRQV�WRROER[���,Q�WKH�SUHVHQW�
ZRUN� WKHVH� HTXDWLRQV� ZHUH� VROYHG� E\� D� GLUHFW� LWHUDWLYH� WHFKQLTXH� ZKLFK� XVHV� DQ�
DSSURSULDWH�LPSOLFLW�IRUP�RI�WKHVH�HTXDWLRQV���,W�LV�QRWHG�WKDW����LQ�WKH�����VXE�KDUPRQLF�
UHVRQDQFH�UHJLRQ��EDVHG�RQ�UHVXOWV�RI�RWKHU�LQYHVWLJDWRUV�IRU�RWKHU�RVFLOODWRUV�>��������@��

���� �% �
�� �

�
:
�| 3$ DQG ������� � $%$ �� � LQ� IDFW� VRPH� LQYHVWLJDWRUV� REWDLQHG� VXE�
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KDUPRQLF�DSSUR[LPDWH�VROXWLRQV�IRU�'XIILQJ�W\SH�RVFLOODWRUV�DVVXPLQJ�
�� �

�
:
� 3$ � L�H��

>���@�� � 7DNLQJ� WKHVH� IDFWV� LQWR� FRQVLGHUDWLRQ�� HTXDWLRQV� ����� DQG� ����� DUH� � � VROYHG�
LPSOLFLWO\�IRU��UHVSHFWLYHO\�� ���% DQG �$ �

�
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�
��� %FF

F% � �����
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� E$

E$ �� �����

:KHUH� �� �EE DUH� DV� GHILQHG� LQ� HTXDWLRQV� ������ $OVR�� QRWLQJ� WKDW� WKH� ���� VXE�KDUPRQLF�
UHVRQDQFH�� LQ�DGGLWLRQ�WR� WKH�WULYLDO�VROXWLRQ��KDV� WZR�EUDQFKHV��DQG�WKHQ�HTXDWLRQ������
ZDV�UHZULWWHQ�LQ�WKH�LPSOLFLW�TXDGUDWLF�IRUP��

� ������
�
���  �� G$G$ �

7KH�WZR�URRWV�RI�ZKLFK�DUH�JLYHQ�E\�
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(TXDWLRQV� ���������� ZKHUH� VROYHG� ZLWK� D� GLUHFW� LWHUDWLRQ� PHWKRG�� IRU� JLYHQ�
V\VWHP�SDUDPHWHUV�� XVLQJ� D� VSHFLDOO\�ZULWWHQ�0$7/$%�SURJUDP��7KH� LWHUDWLRQ� VWDUWHG�
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ZLWK� DQ� LQLWLDO� JXHVV� IRU� WKH� YDULDEOHV �$ � ���$ DQG ����% � 7KH� LWHUDWLRQ� SURFHVV� ZDV�
VWRSSHG�ZKHQ�� IRU� HDFK� RI� WKH� YDULDEOHV�� WKH� GLIIHUHQFH� EHWZHHQ� WKH� QHZO\� FDOFXODWHG�
YDOXH�DQG�RQH�LQ�WKH�SUHYLRXV�VWHS�LV�OHVV�WKDQ ���� � 7KH�WRWDO�DPSOLWXGH� ���D RI�WKH�����
VXEUDPRQLF�VWHDG\�VWDWH�UHVSRQVH�LV�WKHQ�FDOFXODWHG�XVLQJ�WKH�UHODWLRQ��

� > @�
���

�
������ %$D � � �����

)RU�FRQYHQLHQFH��WKH�UHVXOWV�REWDLQHG�XVLQJ�WKH�DERYH�+%�VROXWLRQV�DUH�SUHVHQWHG�DQG�
FRPSDUHG�LQ�FKDSWHU�����ZLWK�WKRVH�REWDLQHG�XVLQJ�WKH�006�DQG�GLUHFW�LQWHJUDWLRQ�RI�
HTXDWLRQ������
�
� 6WDELOLW\�RI�KDUPRQLF�EDODQFH�VROXWLRQ��
�

$ ORFDO� VWDELOLW\� DQDO\VLV� RI� WKH� KDUPRQLF� EDODQFH� DSSUR[LPDWH� VROXWLRQ��
SUHVHQWHG� LQ� WKH�SUHYLRXV� VHFWLRQ�� IRU� WKH����� VXE�KDUPRQLF� UHVRQDQFH� UHVSRQVH�RI� WKH�
RVFLOODWRU� LQ� HTXDWLRQ� ���� FDQ�EH�SHUIRUPHG�E\� VXSHUSRVLQJ� D�SHUWXUEDWLRQ� ��WY RQ� WKH�
VWHDG\�VWDWH�VROXWLRQ�JLYHQ�E\��HTXDWLRQ��������7KDW�LV���RQH�OHWV��
�

������ � WYWXWX � � �����
ZKHUH� ��� WX LV JLYHQ� E\� HTXDWLRQ� �����ZLWK� FRHIILFLHQWV� DV� GHILQHG� E\� HTXDWLRQV� �����
����� DQG� ��WY LV� D� VPDOO� YDULDWLRQ� LQ� ���� WX 6XEVWLWXWLQJ� HTXDWLRQ� � � ����� DQG� LWV� WLPH�
GHULYDWLYHV� LQWR� HTXDWLRQ� ����� XVLQJ� HTXDWLRQ� ����� DQG�NHHSLQJ�RQO\� OLQHDU� WHUPV� LQ� Y �
RQH�REWDLQV�WKH�OLQHDUL]HG��YDULDWLRQDO��+LOO
V�W\SH�HTXDWLRQ���
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7KH� DERYH� OLQHDU� YDULDWLRQDO� HTXDWLRQ� FRQWDLQV� VHYHUDO� SDUDPHWULF� H[FLWDWLRQ�

WHUPV�ZKLFK� LQGLFDWHV� WKDW� WKHUH�DUH�GLIIHUHQW�SRVVLEOH�VFHQDULRV�E\�ZKLFK�WKH�����VXE�
KDUPRQLF�UHVRQDQFH�FDQ�ORVH�LW�VWDELOLW\���7KH�XQFRYHULQJ�RI�WKHVH�GLIIHUHQW�VFHQDULRV�LV�
UDWKHU�LQYROYHG�DQG�LV�EH\RQG�WKH�VFRSH�RI�WKH�SUHVHQW�ZRUN��7KH�IRFXV�RI�WKLV�ZRUN�ZLOO�
EH RQ�WKH�GLYHUJLRQDO��H�J��RYHUIORZ��LQVWDELOLW\�RI�WKH�����WKH�VXE�KDUPRQLF�UHVRQDQFH��
)RU� WKLV� SXUSRVH�� XVLQJ� )ORTXHW� WKHRU\�� WKH� ERXQGDU\� EHWZHHQ� VWDEOH� DQG� XQVWDEOH�
UHJLRQV� RI� WKH� ���WKH� VXE�KDUPRQLF� UHVRQDQFH� VROXWLRQ� LV� GHWHUPLQHG� E\� DVVXPLQJ� D�
SDUWLFXODU�VROXWLRQ�WR�WKH�YDULDWLRQDO�HTXDWLRQ������LQ�WKH�IRUP�>������@��
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:KHUH� �� �&& DUH� XQNQRZQ� FRQVWDQWV�� 7KHQ�� XSRQ� VXEVWLWXWLQJ� HTXDWLRQ� ����� LQWR�

HTXDWLRQ� ������ DQG� HTXDWLQJ� WKH� FRHIILFLHQWV� RI� ��FRV� W: DQG� ��VLQ� W: LQ� WKH� UHVXOWLQJ�

HTXDWLRQ�WR�]HUR��RQH�REWDLQV�WKH�VHW�RI�FRXSOHG�OLQHDU�DOJHEUDLF�KRPRJHQHRXV�HTXDWLRQV�
LQ �& DQG �& �
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1RQWULYLDO�VROXWLRQV�IRU� �& DQG� �& UHTXLUHV�WKDW�WKH�FKDUDFWHULVWLF�GHWHUPLQDQW��GHQRWHG�
E\' � LQ�HTXDWLRQ������EH�]HUR��WKDW�LV��WKH�ERXQGDU\�EHWZHHQ�VWDEOH�DQG�XQVWDEOH�UHJLRQV�
LV JLYHQ�E\��
� ���������  � ' EEEE �����
$OVR�� LQ� WKH� VWDEOH� UHJLRQ �!' � ZKLOH� LQ� WKH� XQVWDEOH� UHJLRQ ��' � >���� ��@�� )RU�
FRQYHQLHQFH��H[DPSOHV�RI� WKH� UHVXOWV�REWDLQHG�XVLQJ�WKH�DERYH�VWDELOLW\�DQDO\VLV�RI� WKH�
��� VXE�KDUPRQLF� UHVRQDQFH� UHVSRQVH� RI� WKH� RVFLOODWRU� LQ� HTXDWLRQ� ����� DUH� SUHVHQWHG�
DQG� GLVFXVVHG� LQ� WKH� QH[W� FKDSWHU�� $OO� RI� WKH� UHTXLUHG� FRPSXWDWLRQV� LQ� WKLV� DQDO\VLV�
SURFHGXUH�ZKHUH�FDUULHG�RXW�XVLQJ�D�VSHFLDOO\�FRQVWUXFWHG�0$7/$%�SURJUDP���

�
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7KHUH�DUH�D�QXPEHU�RI�ZHOO�GHYHORSHG�GLDJQRVWLF� WRROV�XVHG�IRU�FKDUDFWHUL]LQJ��
YLVXDOL]LQJ�DQG�TXDQWLI\LQJ�SHULRGLF��TXDVL�SHULRGLF��DQG�FKDRWLF�RVFLOODWLRQV�LQ�SK\VLFDO�
V\VWHPV�� � ([DPSOHV� RI� WKH� FRPPRQO\� XVHG� � RI� WKHVH� WRROV� DUH�� /\DSXQRY� H[SRQHQWV��
3RLQFDUH� PDSV�� WRSRORJLFDO� GLPHQVLRQV�� SKDVH� SODQH� SORWV�� DQG� IUHTXHQF\� VSHFWUD��
)ROORZLQJ�LV�D�EULHI�GHVFULSWLRQ�RI�WKHVH�WRROV��PRUH�GHWDLOHG�DQG�LQ�GHSWK�GHVFULSWLRQV�
DUH�IRXQG��DPRQJ�RWKHUV��LQ�>�����@��
�
� /\DSXQRY�H[SRQHQWV���
�

/\DSXQRY� H[SRQHQWV� MO DUH� D� TXDQWLWDWLYH� FULWHULRQ� IRU� WHVWLQJ� FKDRV�� 7KH\���
UHSUHVHQW�D�PHDVXUH�RI�WKH�DYHUDJH�UDWHV�RI�FRQYHUJHQFH�RU�GLYHUJHQFH�RI�QHDUE\�RUELWV�
LQ SKDVH�VSDFH�DQG�WKXV�UHSUHVHQW�D�PHDVXUH�RI�WKH�PRWLRQ�VHQVLWLYLW\�WR�FKDQJHV�LQLWLDO�
FRQGLWLRQV��)RU�D�V\VWHP�UHSUHVHQWHG��E\� Q � VWDWH�HTXDWLRQ�ZKLFK�LQFOXGH�WKH�WLPH�W�DV�D�
VWDWH� YDULDEOH�� � WKHUH� DUH� H[DFWO\� Q /\DSXQRY� H[SRQHQWV� � QMM ��������  O � L�H�� IRU� WKH�
VLQJOH�GHJUHH�RI� IUHHGRP�IRUFHG�RVFLOODWRU� �XQGHU�FRQVLGHUDWLRQ�JLYHQ�LQ�HTXDWLRQ����� ��
WKHUH�DUH�WKUHH�VWDWH�HTXDWLRQV�ZKLFK�LQFOXGH�WKH�WLPH�DV��D�VWDWH�YDULDEOH��DQG�WKXV�WKHUH�
DUH� WKUHH� /\DSXQRY� H[SRQHQWV�� 7KH� VHW� RI�/\DSXQRY H[SRQHQWV� IRU� D� JLYHQ� V\VWHP� LV�
GHILQHG�DV�IROORZV�>��@��
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ZKHUH� ��WU M PHDVXUHV� � WKH� JURZWK� �� XQGHU� WKH� G\QDPLFV� RI� WKH� V\VWHP�� � RI� D� VPDOO� �Q�
VSKHUH�RI��LQLWLDO�FRQGLWLRQV��LQ�WKH�V\VWHP��Q�GLPHQVLRQDO��SKDVH�VSDFH��DW� � W LQ�WHUPV�
RI��WKH��M�WK�HOOLSVRLGDO�D[LV��$�SRVLWLYH�/\DSXQRY�H[SRQHQW�LPSOLHV�FKDRWLF�PRWLRQ��7KXV��
LQ SUDFWLFH��RQH�FRPSXWHV�WKH�ODUJHVW�/\DSXQRY�H[SRQHQW�RI�WKH�VWHDG\�VWDWH�PRWLRQ��H�J���
DIWHU�DOORZLQJ�VXIILFLHQW�WLPH�IRU�WKH�WUDQVLHQW�UHVSRQVH�WR�GLH�RXW��WR�GHWHUPLQH�ZKHWKHU�LV�
WKLV�PRWLRQ�LV�RU�LV�QRW�FKDRWLF���$Q�H[FHOOHQW�DQG�FRPPRQO\�XVHG�QXPHULFDO�SURFHGXUH�IRU�
FDOFXODWLQJ� WKH� IXOO� VSHFWUXP� RI� /\DSXQRY� H[SRQHQWV� QMM ��������  O IURP� D� JHQHUDWHG�
WLPH�VHULHV� �L�H�� � WLPH�KLVWRU\�RI�PRWLRQ�JHQHUDWHG�E\�QXPHULFDOO\� LQWHJUDWLQJ�WKH�V\VWHP�
HTXDWLRQ� RI�PRWLRQ�� � KDV� EHHQ� GHYHORSHG� E\�:ROI� HW� DO� >��@�� � ,Q� WKH� SUHVHQW�ZRUN�� WKH�
6RIWZDUH� ZKLFK� XVHV� WKLV� QXPHULFDO� SURFHGXUH� ZLOO� EH� XVHG� WR� FDOFXODWH� WKH� /\DSXQRY�
H[SRQHQWV�IRU�VWHDG\�VWDWH�UHVSRQVH�RI�WKH�RVFLOODWRU�LQ�HTXDWLRQ��������
�

,W�QRWHG�WKDW�WKH�IXOO�VSHFWUXP�RI�/\DSXQRY�H[SRQHQWV QMM ��������  O � RUGHU�DV�D�
VHTXHQFH QOOO ttt ����� � DOORZV�RQH��XVLQJ�WKH�WKHRUHP�OLVWHG�EHOORZ�DQG�RWKHU�UHOHYDQW�
RQHV� �VHH�� H�J��� >��@� ��� � WR� �JHW�PRUH� LQIRUPDWLRQ�DERXW� WKH� W\SH�RI� WKH�PRWLRQ� �DWWUDFWRU�
LQYROYHG���
�
7KHRUHP�����

� MO IRU�DW�OHDVW�RQH�M � IRU�DQ\�OLPLW�VHW�WKDW�LV�QRW�DQ�HTXLOLEULXP�SRLQW��
7KHRUHP�����

� �
�

�¦
 

Q

M
MO IRU�DQ\�GLVVLSDWLYH�V\VWHP��

7KHRUHP�����
��MO IRU�M ����Q� � WKH�DWWUDFWRU�LV�D�VWDEOH�HTXLOLEULXP�
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��  O DQG� QMM ���  O � WKH��DWWUDFWRU�LV�D�VWDEOH�OLPLW�F\FOH�
���   OO DQG� QMM ���  O � WKH�DWWUDFWRU�LV�D�VWDEOH�WZR�WRUXV�

�����    NOO DQG�� QNMM ��� � O � WKH�DWWUDFWRU�LV�D�VWDEOH�.�WRUXV�
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,W LV�QRWHG�WKDW�WKH�DERYH�WKHRUHPV�DUH�DOVR�XVHG�WR�H[FOXGH�WKH�SRVVLELOLW\�RI�FKDRV�LQ�
RQH�DQG�WZR�GLPHQVLRQDO�V\VWHPV��H�J���WKH�GLPHQVLRQ�RI�D�G\QDPLF�V\VWHP�PXVW�DW�OHDVW�
EH WKUHH�WR�KDYH�D�FKDRWLF�PRWLRQ��$OVR�LW�LV�QRWHG�WKDW�WKHUH�LV�D�QXPEHU�RI�PHDVXUHV�RI�
WKH� WRSRORJLFDO� GLPHQVLRQV� RI� D� PRWLRQ� DWWUDFWRU� >�����@�� H�J��� /\DSXQRY� GLPHQVLRQ��
FRUUHODWLRQ� GLPHQVLRQ�� LQIRUPDWLRQ� GLPHQVLRQ�� FDSDFLW\� DQG� +DXGRII� GLPHQVLRQ�� ,Q�
PDQ\� FDVHV� WKHVH� GLIIHUHQW� PHDVXUHV� \LHOG� DSSUR[LPDWHO\� WKH� VDPH� YDOXH� IRU� WKH�
WRSRORJLFDO� GLPHQVLRQ� RI� WKH� FRQVLGHUHG� DWWUDFWRU�� :LWK� WKH� DYDLODELOLW\� RI� /\DSXQRY�
H[SRQHQWV�� RQH� FDQ� HDVLO\� FDOFXODWH� WKH� /\DSXQRY� GLPHQVLRQ� /G � ZKLFK� LV� JLYHQ� E\�
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� 3KDVH�3ODQHV�2UELWV�
�

7KH�3KDVH�SODQH�SORW� LV� D� VLPSOH�JUDSKLFDO�PHWKRG� IRU�GLVWLQJXLVKLQJ�SHULRGLF�
PRWLRQV� IURP� QRQ�SHULRGLF� RQHV�� � 0RWLRQV� IRU� VHFRQG�RUGHU� V\VWHPV�� $� SKDVH� SODQH�
DQDO\VLV� FDQ� EH� XVHG� WR� VWXG\� PRWLRQ� WUDMHFWRULHV� IRU� YDULRXV� LQLWLDO� FRQGLWLRQV�� IRU�
VWDELOLW\�GHFLVLRQ�DQG�IRU�OLPLW�F\FOHV�GHWHFWLRQ���7R�JHQHUDWH�WKH�SKDVH�SODQH�SORWV��ILUVW�
WKH� V\VWHP� HTXDWLRQV� RI� PRWLRQ� DUH� ZULWWHQ� DV� D� VHW� RI� Q�DXWRQRPRXV� ILUVW� RUGHU�
GLIIHUHQWLDO�HTXDWLRQV��ZKHUH�Q LV QXPEHU�RI�V\VWHP�VWDWH�YDULDEOHV� WKDW�VSDQ�WKH�SKDVH�
VSDFH�ZKLFK��IRU�WKH�QRQ�DXWRQRPRXV�V\VWHP�LQFOXGH�WKH�WLPH�DV�D�VWDWH�YDULDEOH��,Q�WKH�
SKDVH�VSDFH�SORW��WLPH�LV�LPSOLFLW��DQG�WUDMHFWRULHV�UHSUHVHQW�VROXWLRQV�WR�WKH�V\VWHP�VWDWH�
HTXDWLRQV�� � � 7KH� SKDVH� � SODQH� LV� REWDLQHG� E\� SORWWLQJ� WZR� RI� WKH� V\VWHP� VWDWH� VSDFH�
YDULDEOHV��L�H��GLVSODFHPHQW�DQG�YHORFLW\��RU�PRPHQWXP�����YHUVXV�HDFK�RWKHU��WKDW�LV��WKH�
SKDVH�SODQH�LV�D�WZR�GLPHQVLRQDO�SURMHFWLRQ�RI�WKH�SKDVH�VSDFH���VSDQQLQJ�WZR�DUELWUDU\�
VWDWH� YDULDEOHV�� � )RU� WKH� SUHVHQW� QRQ�DXWRQRPRXV� RVFLOODWRU� LQ� HTXDWLRQ� ���� WKH� SKDVH�
SODQH� SORWV� DUH� SORWV� RI� � X YV�� X� � .H\� IHDWXUHV� RI� WKH� SKDVH� SODQH� SORWV� IRU� QRQ�
DXWRQRPRXV� VLQJOH� GHJUHH� RI� IUHHGRP�RVFLOODWRUV�� VXFK� DV� WKH� SUHVHQW� RQH� LQ� HTXDWLRQ�
���� DUH�WKH�IROORZLQJ���

�
�� $��SHULRGLF�PRWLRQ�WUDFHV�D�FORVHG�RUELW�
�� $��N� SHULRG�VXE�KDUPRQLF�PRWLRQ�WUDFHV�D�FORVHG��RUELW�WKDW�FURVVHV�LWVHOI��N

WLPHV��
�� 4XDVL�SHULRGLF�DQG�FKDRWLF�PRWLRQV�ERWK�ILOO�±XS�WKH�DUHD�RI�WKH�SKDVH�SODQH��
�
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,W�LV�QRWHG�WKDW�WKH�SKDVH�SODQH�PHWKRG�LV�OLPLWHG�LQ�LWV�XVDJH�IRU�V\VWHPV�XS�WR�VHFRQG�
RUGHU� LQFOXVLYH� EHFDXVH� DSSOLFDWLRQ� RI� WKLV� PHWKRG� WR� � KLJKHU�RUGHU� V\VWHPV� LV�
JUDSKLFDOO\�FRPSOH[�����
�

� 3RLQFDUH
�PDSV�
�
$ 3RLQFDUH
�PDS� LV� D�XVHIXO� WRRO� LQ� WKH�DQDO\VLV�RI� � � WKH�PRWLRQ�RI�D�QRQOLQHDU�

G\QDPLF� UHVSRQVH�� ,W� DOORZV� RQH� WR� GLVWLQJXLVK� EHWZHHQ� GLIIHUHQW� W\SHV� RI� SHULRGLF�
PRWLRQ��EHWZHHQ�SHULRGLF�DQG�QRQSHULRGLF�PRWLRQV��DQG�EHWZHHQ�FKDRWLF�DQG�QRQFKDRWLF�
PRWLRQV��7R�FRQVWUXFW�D�3RLQFDUH
�PDS��RQH�FRQVWUXFWV�D�K\SHU�VXUIDFH��FDOOHG�3RLQFDUH
�
VHFWLRQ��LQ�WKH�VWDWH�VSDFH�WKDW�LV�WUDQVYHUVH�WR�WKH�IORZ��WUDMHFWRU\��RI�WKH�JLYHQ�V\VWHP�
VWDWH� HTXDWLRQV�� )RU� DQ� Q�'� DXWRQRPRXV� V\VWHP�� WKH� K\SHU�VXUIDFH� GLPHQVLRQ� LV� OHVV�
WKDQ�Q� IRU�DQ�Q�' QRQ�DXWRQRPRXV�V\VWHP���ZKLFK�LQFOXGHV�WLPH�DV�D�VWDWH�YDULDEOH���WKH�
GLPHQVLRQ�RI�D�3RLQFDUH
�VHFWLRQ�LV�Q��� DOVR�HDFK�SRLQW�LQ�WKLV�K\SHU�VXUIDFH��LV�VSHFLILHG�
E\ Q��� FRRUGLQDWHV� � FRUUHVSRQGLQJ� WR� WKH�Q�� V\VWHP�VWDWH�YDULDEOHV�XVHG� WR�FRQVWUXFW�
WKH� V\VWHP� SKDVH� VSDFH�� � $� 3RLQFDUH
� PDS� LV� WKHQ� FRQVWUXFWHG� E\� VDPSOLQJ� DW� DQ�
DSSURSULDWH� UDWH� WKH� VXFFHVVLYH� LQWHUVHFWLRQV� RI� D� V\VWHP� WUDMHFWRU\� LQ� WKH� SKDVH� VSDFH�
ZLWK� WKH� FRQVWUXFWHG�� RQH� VLGHG�� � � 3RLQFDUH
� VHFWLRQ�� � � 7KXV�� D� 3RLQFDUH
� PDS� LV� D�
WUDQVIRUPDWLRQ� �PDS�� WKDW� PDSV� WKH� FXUUHQW� LQWHUVHFWLRQ� WR� WKH� VXEVHTXHQW� RQH� RQ� D�
3RLQFDUH
�VHFWLRQ���

�
)RU�WKH���'�QRQ�DXWRQRPRXV�RVFLOODWRU�XQGHU�FRQVLGHUDWLRQ�LQ�WKH�SUHVHQW�ZRUN��

JLYHQ� E\� HTXDWLRQ� ����� D� 3RLQFDUH
� PDS� LQ� FRQVWUXFWHG� E\� SORWWLQJ� LQ� WKH� � XX �� � WKH�
VHTXHQFH�RI�VDPSOHG�SRLQWV�� ����� NN WXWX � �� .7WW. � � � . ����«� ZKHUH�WKH�VDPSOLQJ�
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WLPH� : S�7 LV� WKH� SHULRG� RI� WKH� KDUPRQLF� IRUFLQJ� ZLWK� IUHTXHQF\� : � DQG� �W LV DQ�

DUELWUDU\� VWDUWLQJ� WLPH� RI� WKH� VDPSOLQJ� SURFHVV�� H�J� � IRU� DQDO\VLV� RI� WKH� VWHDG\� VWDWH�
UHVSRQVH� �W LV FKRVHQ� ODUJH� HQRXJK� WR� JLYHQ� VXIILFLHQW� � WLPH� IRU� WKH� � V\VWHP� WUDQVLHQW�
UHVSRQVH�WR�GLH�RXW��%\�H[DPLQLQJ��WKH���'�SORW�RI�D�3RLQFDUH
� �PDS�RI�D�KDUPRQLFDOO\�
IRUFHG�RVFLOODWRU���VXFK�DV�WKH�RQH�XQGHU�FRQVLGHUDWLRQ�LQ�WKH�SUHVHQW�ZRUN��WKH�IROORZLQJ�
UHPDUNV�FDQ�EH�PDGH�DERXW�WKH�W\SH�RI�PRWLRQ�LQYROYHG��
�
3RLQFDUH
�0DS� 0RWLRQ�7\SH
��6LQJOH�SRLQW�����������������������������������������������+DUPRQLF�PRWLRQ��DW�IXQGDPHQWDO�SHULRG�7�
��)LQLWH��.�SRLQWV�����������������������������������������6XE�KDUPRQLF�PRWLRQ�RI�SHULRG�.7�
�� ,QILQLWHO\�.�SRLQWV��ILOOLQJ�XS����������������������4XDVL�SHULRGLF�PRWLRQ��H�J�WZR��
� D�FORVHG�FXUYH�������������������������������������������LQFRPPHQVXUDWH�IUHTXHQFLHV�SUHVHQW����
�� $�FORXG�RI��XQRUJDQL]HG���������������������������6WUDQJH�DWWUDFWRU��SRVVLEO\�FKDRWLF��RU��
� SRLQWV������������������������������������������������������TXDVL�SHULRGLF�PRWLRQ�ZLWK�WKUHH�RU�PRUH�
� GRPLQDQW�LQFRPPHQVXUDWH�IUHTXHQFLHV����
�
� )UHTXHQF\�VSHFWUXP�
�

0RVW�QXPHULFDO�VRIWZDUH�SDFNDJHV��VXFK�DV�0$7/$%��DQG�H[SHULPHQWDO�VLJQDO�
DQDO\VHUV� LQFOXGH� WRROV� IRU� FRPSXWLQJ� WKH�)RXULHU� VSHFWUXP�RI� D� VLJQDO��7KH� VSHFWUXP�
DVVRFLDWHG� ZLWK� DQ� DUELWUDU\� VWDWH� YDULDEOH� �H�J�� GLVSODFHPHQW� X RI� WKH� RVFLOODWRU� LQ�
HTXDWLRQ� ����� LV� D� XVHIXO� WRRO� IRU� GLVWLQJXLVKLQJ� EHWZHHQ� SHULRGLF� DQG� QRQ�SHULRGLF�
PRWLRQ�� DQG� EHWZHHQ� FKDRWLF� DQG� QRQ�SHULRGLF� PRWLRQV� RI� D� KDUPRQLFDOO\� GULYHQ�
QRQOLQHDU�RVFLOODWRU����
�
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$ SHULRGLF� PRWLRQ� ZLWK� IXQGDPHQWDO� IUHTXHQF\� : GLVSOD\V� � � D� GLVFUHWH�

IUHTXHQF\� VSHFWUXP� ZLWK� VSLNHV� DW� :Q � Q { LQWHJHU�� � $� TXDVL�SHULRGLF� PRWLRQ� DOVR�
VKRZV�XS� DV� D�GLVFUHWH� IUHTXHQF\� VSHFWUXP�GLVSOD\LQJ� � � VSLNHV�DW� WKH� LQFRPPHQVXUDWH�
IUHTXHQFLHV� RI� WKH� KDUPRQLFV� LQYROYHG� LQ� WKH� PRWLRQ�� $� VXE�KDUPRQLF� SHULRG��7

PRWLRQ : S��7 � VKRZV�XS�DV�D�GLVFUHWH�VSHFWUXP�GLVSOD\LQJ���VSLNHV�DW�� ��������  : QQ �

$ &KDRWLF�PRWLRQ�GLVSOD\V�D�FRQWLQXRXV�EURDG�EDQG�IUHTXHQF\�VSHFWUXP�ZLWK�VSLNHV�DW�
WKH�GRPLQDWLQJ�IUHTXHQFLHV��
,Q WKH� SUHVHQW� ZRUN�� WKH� ))7� RI� WKH� VWHDG\� VWDWH� GLVSODFHPHQW� ��WX RI� WKH� QRQOLQHDU�
RVFLOODWRU� LQ� HTXDWLRQ� ���� ZDV� REWDLQHG� XVLQJ� D� VSHFLDOO\� FRQVWUXFWHG� 0$7/$%�
SURJUDP��7KH�SURJUDP�XVHV�WKH�ODVW������GLVFUHWH�SRLQWV�RI�GLVSODFHPHQW� ��WX REWDLQHG�
E\ QXPHULFDOO\� LQWHJUDWLRQ�HTXDWLRQ������RYHU�DERXW������F\FOHV�RI�PRWLRQ��XVLQJ�D��WK�
RUGHU�5XQJH�.XWWD�PHWKRG��,Q�DOO�RI�WKH�FDVHV�FRQVLGHUHG��WKH�ODVW�������GDWD�SRLQW�XVHG�
LQ WKH�))7�DQDO\VLV��LQFOXGHG���LQ�WKH�IUHTXHQF\�UDQJH�FRQVLGHUHG��DERXW�������F\FOHV�RI�
WKH�RVFLOODWRU�PRWLRQ� ���WX
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5(68/76�$1'�',6&866,21�2)�5(68/76�
�

7KH� FKDUDFWHULVWLFV� DQG� VWDELOLW\� RI� WKH� ���� VXE�KDUPRQLF� UHVRQDQFH� UHVSRQVH�
FXUYHV� RI� WKH� KDUPRQLFDOO\� IRUFHG� QRQOLQHDU� RVFLOODWRU� JLYHQ� LQ� HTXDWLRQ� ���� ZKHUH�
VWXGLHG�DQDO\WLFDOO\�DQG�QXPHULFDOO\�RYHU�D�VHOHFWHG�UDQJH�RI� WKH�RVFLOODWRU�SDUDPHWHUV��

3��� �� GHH DQG: � 7KH�DQDO\WLFDO�VWXG\�ZDV�EDVHG�RQ�WKH�DSSUR[LPDWH�ILUVW�RUGHU�006�
VROXWLRQV� JLYHQ� LQ� HTXDWLRQV� ����� DQG� ������ DQG� WKH� DSSUR[LPDWH� WZR�PRGH� KDUPRQLF�
EDODQFH� ��0+%�� VROXWLRQV� JLYHQ� LQ� HTXDWLRQV� ����������� DQG� ������ � 7KH� QXPHULFDO�
VROXWLRQV� ZHUH� REWDLQHG� E\� LQWHJUDWLQJ� HTXDWLRQ� ���� XVLQJ� D� ��WK� RUGHU� 5XQJH�.XWWD�
PHWKRG��%\� H[DPLQLQJ� WKH�ZDYHIRUP�RI� WKH� GLVSODFHPHQW� X�� W�� IRU�PDQ\� WULDO� UXQV�� LW�
ZDV�IRXQG�WKDW��IRU�WKH�SXUSRVH�RI�WKLV�ZRUN��DQ�LQWHJUDWLRQ�WLPH�W ���� VHF��ZLWK�D��VWHS�

��� 'W VHF��\LHOGV��VXIILFLHQWO\��DFFXUDWH�UHVXOWV�DQG�SURYLGHV��DERXW�����VHF����GHFD\�
WLPH� � IRU� WKH� WUDQVLHQW� � SDUW� RI� WKH� UHVSRQVH� �� 7KLV� WUDQVLHQW� WLPH� ZDV� IRXQG� WR� EH�
VXIILFLHQW�LQ�DOO�RI�WKH�FDVHV�FRQVLGHUHG��7KXV��WKH�ODVW����VHF�RI�WKH�REWDLQHG�WLPH�VHULHV�
RI� WKH� GLVSODFHPHQW� ��WX LV� FRQVLGHUHG� WR� EH� WKH� VWHDG\� VWDWH� UHVSRQVH�� � 7KH� ))7�
DQDO\VLV�ZDV�FDUULHG�RXW�RQ�WKH�ODVW������RI�WKHVH�SRLQWV�RI�WKH�WLPH�VHULHV� ��WX ZKLFK�
FRUUHVSRQGV� WR� D� WLPH� GXUDWLRQ� RI� �����VHF� IURP� � � W ����� VHF� WR� W ����� VHF� RI� WKH�
VWHDG\� VWDWH� UHVSRQVH�� � 7KXV�� IRU� WKH� FRQVLGHUHG� IUHTXHQF\� � UDQJH� � ���� d:d � WKH��
REWDLQHG��))7��VSHFWUXP�UHSUHVHQWV�WKH�IUHTXHQF\�FRQWHQW�RI��WKH�VWHDG\�VWDWH�UHVSRQVH�

IRU�DERXW��������H[FLWDWLRQ��F\FOHV���ZLWK���SHULRG�� : S�7 ZKLFK�FRUUHVSRQGV�WR������

F\FOHV�RI�D�VWHDG\�VWDWH���7 VXE�KDUPRQLF��UHVSRQVH���7KH���))7�VSHFWUXP�RI�WKH�VWHDG\�
VWDWH� WLPH� VHULHV� ��WX SURYLGHG� WKH� QXPHULFDO� VROXWLRQ� IRU� WKH� DPSOLWXGHV� RI� WKH�
IXQGDPHQWDO�DQG�WKDW�RI�WKH�����VXE�KDUPRQLF�FRPSRQHQWV�RI�WKH�VWHDG\�VWDWH�UHVSRQVH���
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7KH� SKDVH� SODQH� SORW�� 3RQLFDUH
� PDS� DQG� /\DSXQRY� H[SRQHQWV� ZHUH� REWDLQHG� IRU� WKH�
VWHDG\�VWDWH�UHVSRQVH�IURP�W ���VHF�WR�W ����VHF����
,W�LV�WR�EH�QRWHG�WKDW��IRU�JLYHQ�V\VWHP�SDUDPHWHUV��WKHUH�LV�D�WKUHVKROG�YDOXH�RI�IRUFLQJ�
DPSOLWXGH�3� �ZKLFK� VWURQJO\� GHSHQGV� RQ� GDPSLQJ� UDWLRG ��� EHORZ� ZKLFK� D� ���� VXE�
KDUPRQLF� UHVRQDQFH� RI� WKH� RVFLOODWRU� LQ� HTXDWLRQ� ���� LV� QRW� SRVVLEOH�� � ,Q� RUGHU� WR�
QXPHULFDOO\� JHQHUDWH� D� VXE�KDUPRQLF� VROXWLRQ��ZKHQ� LW� H[LVWV�� WKH� LQLWLDO� FRQGLWLRQV� LQ�
WKH� QXPHULFDO� LQWHJUDWLRQ� SURFHGXUH� KDYH� WR� EH�ZLWKLQ� WKH�GRPDLQ�RI� DWWUDFWLRQ�RI� WKH�
VXE�KDUPRQLF� VWHDG\� VWDWH� VROXWLRQ�� � ,Q� WKH� SUHVHQW� ZRUN�� WKH� 006� DQG� �0+%�
DSSUR[LPDWH� VROXWLRQV� ZHUH� XVHG� WR� SURYLGH� � � � LQLWLDO� FRQGLWLRQV� IRU� WKH� QXPHULFDO�
LQWHJUDWLRQ��7KLV��WR�VRPH�H[WHQW��UHGXFHG�WKH�HODERUDWH�VHDUFK�LQ�WKH�VWDWH�VSDFH�IRU�WKH�
GRPDLQ�RI�DWWUDFWLRQ�IRU�VWDEOH�DQG�XQVWDEOH�VXE�KDUPRQLF�VROXWLRQV��7KH�VWDELOLW\�RI�WKH�
DSSUR[LPDWH�DQDO\WLF�VROXWLRQV�ZDV�GHWHUPLQHG�E\�FRPSDULQJ�WKHP�ZLWK�WKH�QXPHULFDOO\�
REWDLQHG�UHVXOWV��WKDW�LV��D�QXPHULFDO�VROXWLRQ�VWDUWLQJ�DW�WKH�SUHGLFWHG�WKHRUHWLFDO�YDOXHV�
ZDV�FRQVLGHUHG�XQVWDEOH�LI�LW�GLYHUJHV�DZD\�IURP�WKHVH�YDOXHV�DQG�VHWWOHV�LQWR�D�GLIIHUHQW�
VROXWLRQ���
�

([DPSOHV� RI� � UHVXOWV� � VLPXODWLRQ� � IRU� W\SLFDO� VWHDG\� VWDWH� UHVSRQVHV� REWDLQHG��
XVLQJ� WKH� DSSUR[LPDWH� DQDO\WLFDO� VROXWLRQV� DQG�QXPHULFDO� SURFHGXUHV� � LQGLFDWHG� DERYH�
DUH�GHSLFWHG�LQ�ILJXUHV�������������,Q�DOO�RI�WKH�FDVHV�SUHVHQWHG�LQ�WKHVH�ILJXUHV�WKH�YDOXH�
RI�H LQ�HTXDWLRQ�����ZDV�WDNHQ�DV�XQLW\��H�J��� � H �

)LJXUHV���������VKRZ�H[DPSOHV�RI�WKH�HIIHFWV�RI�IRUFLQJ�DPSOLWXGH3 � GDPSLQJ�UDWLR� G
DQG�LQLWLDO�FRQGLWLRQV�RQ�WKH�RQVHW�RI�WKH�����VXE�KDUPRQLF�UHVRQDQFH��

�
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��    :     XX3
PDS3RLQFDUHGSORWSODQH3KDVHF

WUDQVIRUP)RXULHUEVROXWLRQVHULHV7LPHDVROXWLRQ1XPHULFDO)LJ
�GHHH

���������������������������
�
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��    :     XX3
PDS3RLQFDUHGSORWSODQH3KDVHF

WUDQVIRUP)RXULHUEVROXWLRQVHULHV7LPHDVROXWLRQ1XPHULFDO)LJ
�GHHH
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��    :     XX3
PDS3RLQFDUHGSORWSODQH3KDVHF

WUDQVIRUP)RXULHUEVROXWLRQVHULHV7LPHDVROXWLRQ1XPHULFDO)LJ
�GHHH
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��    :     XX3
PDS3RLQFDUHGSORWSODQH3KDVHF

WUDQVIRUP)RXULHUEVROXWLRQVHULHV7LPHDVROXWLRQ1XPHULFDO)LJ
�GHHH
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��    :     XX3
PDS3RLQFDUHGSORWSODQH3KDVHF

WUDQVIRUP)RXULHUEVROXWLRQVHULHV7LPHDVROXWLRQ1XPHULFDO)LJ
�GHHH
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)LJXUHV� �������� SUHVHQW� � � W\SLFDO� UHVXOWV� RI� FRPSDULVRQV� EHWZHHQ� 006� � DQG�
�0+%� DSSUR[LPDWH� VROXWLRQV� �� DQG� EHWZHHQ� WKHVH� VROXWLRQV� DQG� UHVXOWV� RI� QXPHULFDO��
LQWHJUDWLRQ� IRU� � FDVHV�ZKHUH� WKH� KDUGHQLQJ� QRQOLQHDULW\� GRPLQDWHV� � � � �� H�J� ��� HH �� �
KDUGHQLQJ�DQG�VRIWHQLQJ�QRQOLQHDULWLHV�KDYH��QHDUO\�HTXDO�VWUHQJWK���H�J�� ��� HH | � DQG��
VRIWHQLQJ�QRQOLQHDULW\�GRPLQDWHV�� ��� HH !! �
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0+%$DPSOLWXGHO)XQGDPHQWDVROXWLRQ1XPHULFDO
VROXWLRQ006VROXWLRQ0+%VROXWLRQ1XPHULFDODQG0+%006)LJ

GHHH



www.manaraa.com

��

������������������
�������������
�

������������������

��

�

     
�

�
3
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VROXWLRQ006VROXWLRQ0+%VROXWLRQ1XPHULFDODQG0+%006)LJ

GHHH

�����������������
�������������
�

������������������

��

�

     
�

�
3

0+%$DPSOLWXGHO)XQGDPHQWDVROXWLRQ1XPHULFDO
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0+%$DPSOLWXGHO)XQGDPHQWDVROXWLRQ1XPHULFDO
VROXWLRQ006VROXWLRQ0+%VROXWLRQ1XPHULFDODQG0+%006)LJ
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)LJXUHV� ���������� GLVSOD\� H[DPSOHV� RI� WKH� VWDELOLW\� DQDO\VLV� UHVXOWV� RI� WKH�

DSSUR[LPDWH�006�DQG�+%�VROXWLRQV��
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FXUYH6WDELOLW\VROXWLRQ006UHVXOWV006H$SSUR[LPDW)LJ

GHHH
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FXUYH6WDELOLW\VROXWLRQ006UHVXOWV006H$SSUR[LPDW)LJ
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FXUYH6WDELOLW\VROXWLRQ006VROXWLRQ006H$SSUR[LPDW)LJ

GHHH

������������������
����������
�������������

��

�

     
�

�
3

VROXWLRQ0+%$DPSOLWXGHO)XQGDPHQWD
VROXWLRQ0+%VROXWLRQ0+%H$SSUR[LPDW)LJ
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VROXWLRQ0+%$DPSOLWXGHO)XQGDPHQWD
VROXWLRQ0+%VROXWLRQ0+%H$SSUR[LPDW)LJ
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VROXWLRQ0+%$DPSOLWXGHO)XQGDPHQWD
VROXWLRQ0+%VROXWLRQ0+%H$SSUR[LPDW)LJ

GHHH
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)LJXUHV�����������VKRZ�H[DPSOHV�RI�WKH�QXPHULFDO�VLPXODWLRQ�UHVXOWV�REWDLQHG�XVLQJ�WKH��
FKDRV� DQDO\VLV� WRROV� �� SKDVH� SODQH� SORW�� ))7� VSHFWUXP�� 3RLQFDUH
� PDS� DQG� /\DSXQRY�
H[SRQHQWV�

�������������
�����������������������H[S������ ��
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3RQHQWV/\DSXQRY)LJ

�

GHHH



www.manaraa.com

��

����������������������������������
����

�������������

��    :     XX3
SORWSODQH3KDVHF
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PDS3RLQFDUHGSORWSODQH3KDVHF
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��    :     XX3
PDS3RLQFDUHGSORWSODQH3KDVHF

WUDQVIRUP)RXULHUEVROXWLRQVHULHV7LPHDVROXWLRQ1XPHULFDO)LJ
�GHHH

%DVHG�RQ�WKH�UHVXOWV�SUHVHQWHG�LQ�WKHVH�ILJXUHV��WKH�IROORZLQJ�UHPDUNV�FDQ�EH�PDGH�
DERXW� WKH� ���� VXE�KDUPRQLF� UHVRQDQFH�� DQG� FKDRWLF� UHVSRQVH� RI� WKH� SUHVHQW� RVFLOODWRU�
JLYHQ�LQ�HTXDWLRQ������

�
��� 7KH� VXE�KDUPRQLF� UHVRQDQFH� LV� D� ELIXUFDWLRQ� SKHQRPHQRQ�� LW� LV� LQLWLDWHG� DV�

V\VWHP�SDUDPHWHUV�JR�WKURXJK�FULWLFDO�YDOXHV��,Q��WKH�SUHVHQW�RVFLOODWRU��IRU�JLYHQ�
SDUDPHWHUV� �� �� HH WKHUH�LV�D�WKUHVKROG�YDOXH�RI�IRUFLQJ� 3 EHORZ�ZKLFK���DQG�D�
WKUHVKROG� � YDOXH� RI� GDPSLQJ� G DERYH�ZKLFK�� WKH� ���� VXE�KDUPRQLF� UHVRQDQFH�
GRHV�QRW�WDNH�SODFH���

��� )RU� JLYHQ� V\VWHP� SDUDPHWHUV� IRU� ZKLFK� WKH� VXE�KDUPRQLF� UHVRQDQFH� H[LWV�� WKH�
LQLWLDO�FRQGLWLRQV�SOD\�D�FULWLFDO� UROH� LQ� LWV�RQVHW�� WKDW� LV�� LQ�RUGHU�IRU� WKH�VWHDG\�
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VWDWH� WR�VHWWOH� LQWR� WKH�����VXE�KDUPRQLF�DWWUDFWRU�� WKH� LQLWLDO�FRQGLWLRQV�KDYH� WR�
EH ZLWKLQ�WKH�GRPDLQ�RI�DWWUDFWLRQ�RI�WKLV�DWWUDFWRU���

��� $SSUR[LPDWH��ILUVW�RUGHU��006��DQG�DSSUR[LPDWH���WZR�PRGHV��0+%�VROXWLRQV�
\LHOG�� IRU� WKH� UDQJH� RI� V\VWHP�SDUDPHWHUV� FRQVLGHUHG� LQ� WKLV�ZRUN� �H�J�� IRU� WKH�
FDVHV�ZKHUH�WKH�RVFLOODWRU� LQ�HTXDWLRQ����� LV�ZHDNO\�QRQOLQHDU�� �QHDUO\�LGHQWLFDO�
SUHGLFWLRQ�RI� WKH����� VXE�KDUPRQLF� UHVRQDQFH� UHVSRQVH�RI� WKLV�RVFLOODWRU��7KHLU���
SUHGLFWLRQ�DFFXUDF\��LQ�FRPSDULVRQ�ZLWK�WKDW�RI�QXPHULFDO�LQWHJUDWLRQ�UHVXOWV��LV�
TXDOLWDWLYHO\� IDLU� DQG� TXDQWLWDWLYHO\� UHDVRQDEO\� JRRG� IRU� WKH� FDVHV� ZKHUH� WKH�
RVFLOODWRU�LV�ZHDNO\�QRQOLQHDU��)RU�WKH�FDVHV�ZKHUH����WKH�RVFLOODWRU�LV�PRGHUDWHO\�
RU�VWURQJO\�QRQOLQHDU�WKH�DFFXUDF\�RI�ERWK�RI�WKHVH�DSSUR[LPDWH�VROXWLRQV�LV�SRRU�
ERWK�TXDOLWDWLYHO\�DQG�TXDQWLWDWLYHO\��

��� )RU�WKH�FDVHV�ZKHUH�WKH�QRQOLQHDULWLHV�LQ�WKH�RVFLOODWRU�EHKDYLRXU�LQ�HTXDWLRQ�����
SUHGRPLQDQWO\� RI� WKH� KDUGHQLQJ� W\SH� �H�J�� � �� HH �� � WKH� ���� VXE�KDUPRQLF�
UHVRQDQFH��LI�H[LWV��H�J���LI� FULWLFDOFULWLFDO33 GG �! � �����LV�LQLWLDWHG�DW�DQ�H[FLWDWLRQ��
IUHTXHQF\� Z�t:F � ZKHUH� Z LV� WKH� QDWXUDO� � IUHTXHQF\� RI� WKH� FRUUHVSRQGLQJ�
OLQHDU�RVFLOODWRU� �� IRU� WKH�SUHVHQW�RVFLOODWRU� � Z ���7KLV� LQLWLDWLRQ�YDOXH�RI� :
DSSHDUV� WR�PRYH�WR�ULJKW�RI�WKH�SRLQW� Z� DV�3 DQG��RU�� G LV�LQFUHDVHG��DQG�WKH�
UHVRQDQFH�FXUYH�VKRZ�WKH�W\SLFDO�KDUGHQLQJ��H�J��EHQGLQJ�WR�ULJKW��EHKDYLRXU���

�� $V� �H LV LQFUHDVHG�IRUP�D�YDOXH�UHODWLYHO\�ORZ�LQ�FRPSDULVRQ�ZLWK�WKDW�RI� �H � WKH�
YDOXH� F: DW�ZKLFK� � ���� VXE�KDUPRQLF� UHVRQDQFH� � LV� LQLWLDWHG� � DSSHDUV� WR�PRYH�
IURP� � � D� SRLQW� WR� WKH� ULJKW� DQG� WRZDUGV� � � Z� : � ,QFUHDVLQJ� �H IXUWKHU��ZKLOH�
NHHSLQJ� �H FRQVWDQW�� WKH� LQLWLDWLRQ� SRLQW� F: FRQWLQXHV� WR� PRYH� WRZDUGV� � � WKH�
SRLQW� Z� : DV�3 LV LQFUHDVHG�DQG��RU�� G LV�GHFUHDVHG���$V�WKH�VRIWHQLQJ�DQG�
KDUGHQLQJ� QRQOLQHDULWLHV� LQ� WKH� RVFLOODWRU� EHKDYLRXU� LQ� HTXDWLRQ� ���� EHFRPH� RI�
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QHDUO\� HTXDO� VWUHQJWK� �H�J�� � �� HH | � WKH� ���� VXE�KDUPRQLF� UHVRQDQFH�� LI� H[LWV�
�H�J���LI� FULWLFDOFULWLFDO33 GG �! � �����LV�LQLWLDWHG�DW�D�SRLQW� Z��:F � DQG�LWV��FXUYHV�
KDYH� � OLWWOH� RU� QHDUO\� � QR�EHQGLQJ� WR� HLWKHU� ULJKW� RU� OHIW� �� H�J�� � WKH\� UHVHPEOH�D�
OLQHDU� RVFLOODWRU� RI� � UHVRQDQFH� FXUYH�� DQG� KDYH� UHODWLYHO\� ODUJH� DPSOLWXGH� HYHQ�
IRU�D�UHODWLYHO\�ORZ�YDOXH�RI�IRUFLQJ�DPSOLWXGH� 3 � 'HVSLWH� WKHLU�UHVHPEOHV�WR�D�
OLQHDU� RVFLOODWRU� UHVRQDQFH� FXUYH�� WKH� ���� VXE�KDUPRQLF� UHVRQDQFH� FXUYHV� VWLOO�
KDYH�WZR�GLVWLQFW��RQH�XSSHU�DQG�RQH�ORZHU��EUDQFKHV�ZKLFK�GR�QRW�FRDOHVFH�OLNH�
WKRVH�RI�WKH�KDUGHQLQJ�RU�VRIWHQLQJ�FDVHV���

�� )RU�WKH�FDVHV�ZKHUH�WKH�VRIWHQLQJ�QRQOLQHDULWLHV���LQ�WKH�RVFLOODWRU�LQ�HTXDWLRQ�����
DUH�SUHGRPLQDWHO\�RI� WKH�VRIWHQLQJ�W\SH��H�J�� � �� HH !! � WKH������VXE�KDUPRQLF�
UHVRQDQFH� FXUYHV� EHQG� WR� OHIW� DQG� H[LW� RQO\� IRU� � Z��: � 6WDUWLQJ� DW� DQ�
H[FLWDWLRQ��IUHTXHQF\�: VOLJKWO\�DERYH�WKH�OLQHDU��QDWXUDO�IUHTXHQF\�Z � D������
VXE�KDUPRQLF� UHVRQDQFH� RI� WKH� SUHGRPLQDWHO\� VRIWHQLQJ� RVFLOODWRU� RI� UHODWLYHO\�
ODUJH�DPSOLWXGH���LI�H[LWV���H�J��LI� FULWLFDOFULWLFDO33 GG �! � �����LV�H[FLWHG�LQ�D�VXE��
FULWLFDO� DV� : LV�JUDGXDOO\� LQFUHDVHG� ��7KH�DPSOLWXGH�RI� WKHVH� UHVRQDQFH�FXUYHV�
WHQG� WR� GHFUHDVH� PRQRWRQLFDOO\� ZLWK� LQFUHDVLQJ� H[FLWDWLRQ� IUHTXHQF\� DQG�
HYHQWXDOO\� FRDOHVFH� RQ� WKH� : D[LV� DW� DQ� H[FLWDWLRQ� IUHTXHQF\� F: VOLJKWO\�
EHORZ Z� : � )RU� H[FLWDWLRQ� IUHTXHQF\� F:t: WKH� ���� VXE�KDUPRQLF�
UHVRQDQFH� FXUYHV�GLVDSSHDU�� ,W� LV� QRWHG� LQ� WKLV� FDVH�RI� SUHGRPLQDWHO\� VRIWHQLQJ�
EHKDYLRXU� � WKH� � DPSOLWXGH� RI� WKH� IXQGDPHQWDO� UHVSRQVH� �$ FDQ� EHFRPHV�
FRPSDUDEOH� WR� WKDW� RI� WKH� H[FLWHG� ���� VXE�KDUPRQLF� UHVRQDQFH� DV� : HQWHU� WKH�
SULPDU\� UHVRQDQFH� �� H�J��ZKHQ� : LV� GHFUHDVHG� WR� D�YDOXH�ZHOO�EHOORZ� Z� DQG��
DSSURDFKHV� Z � *HQHUDOO\� VSHDNLQJ� Z���|�: � WKH� RVFLOODWRU� EHJLQV� WR� H[KLELW�
FRPSOLFDWHG�EHKDYLRXUV�DV� WKH�����VXE�KDUPRQLF�DWWUDFWRU�PD\�FRH[LVW�ZLWK� WKH�
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SULPDU\� ��VXE�KDUPRQLFV� �RI�RUGHU�RWKHU� WKDQ������DQG�FKDRWLF�DWWUDFWRUV��,Q�WKLV�
FDVH� �� WKH� DSSUR[LPDWH� VROXWLRQV� DSSHDU� WR� EUHDNGRZQ�� DOVR� WKH� UHVXOWV� RI� WKH�
QXPHULFDO� VROXWLRQV� EHFRPH� GLIILFXOW� WR� LQWHUSUHW� � � ZKHQ� WKLV� QXPHULFDO�
VLPXODWLRQ� LV� QRW� FDUULHG� RXW� WKRURXJKO\� DQG� LV� QRW� JXLGHG� E\� PRUH� UHOLDEOH�
DSSUR[LPDWH� DQDO\WLF� VROXWLRQV�� )RU� WKLV� UHDVRQ�� WKH� GDWD� LQ� DOO� WKH� SUHVHQWHG�
ILJXUHV�ZKHUH� IRU� H[FLWDWLRQ� IUHTXHQF\ ���t: Z � � � Z � DQG� YDOXHV� RI� 3 DQG�
G IRU�ZKLFK�WKH�IXQGDPHQWDO�DPSOLWXGH�LV�VPDOO� LQ�FRPSDULVRQ�ZLWK�WKDW�RI� WKH�
H[FLWHG�����VXE�KDUPRQLF�UHVSRQVH��

��� 7KH� VWDELOLW\� DQDO\VHV�RI� WKH�REWDLQHG�006�DQG��0+%�VROXWLRQV� LQGLFDWH� WKDW�
WKH� XSSHU� EUDQFK� RI� WKH� ���� VXE�KDUPRQLF� UHVRQDQFH� FXUYHV� LV� VWDEOH� DQG� WKH�
ORZHU�RQH�LV�XQVWDEOH��7KLV�UHVXOW�DJUHHV�ZLWK�WKDW�SUHVHQWHG�LQ�>�@��7KHVH�UHVXOWV�
LQGLFDWH� WKDW� FKDRWLF�EHKDYLRXU�RI� WKH�SUHVHQW�RVFLOODWRU� LV� OLNHO\� WR�DSSHDU� LQ�D�
QDUURZ� ]RQH� EHWZHHQ� WKH� SULPDU\� DQG� ���� VXE�KDUPRQLF� ]RQH�� ZKLFK� LV� DLQ�
DJUHHPHQW� ZLWK� WKH� UHVXOWV� SUHVHQWHG� LQ�� $OVR�� WKHVH� UHVXOWV� LQGLFDWH� WKDW� WKH�
VRIWHQLQJ� RVFLOODWRU� �H�J�� WKH� FDVH �� HH !! � LV� PRUH� VXVFHSWLEOH� WR� FKDRWLF� DQG�
DSHULRGLF�UHVSRQVHV�WKDQ�WKH�KDUGHQLQJ�RQH�� �� HH �� � DW�WKH�SRLQW��$OVR�IRU�WKH�
VRIWHQLQJ�FDVH��WKLV�FKDRWLF�UHVSRQVH�FDQ�RFFXUV�LQ�WKH�SULPDU\�IUHTXHQF\�UHJLRQ�
�H�J��: QRW�IDU�IURPZ � ZKLOH�IRU�WKH�KDUGHQLQJ�W\SH��WKH�FKDRV�DSSHDUV�WR�RFFXU�
DZD\�IURP�SULPDU\�UHVRQDQFH��H�J���: FORVH�WR Z� ���

�� 7KH�SUHVHW�UHVXOWV�VKRZ�WKDW�DSSUR[LPDWH�DQDO\WLF�VROXWLRQV�DLGHG�ZLWK�QXPHULFDO�
PHWKRGV� VXFK�DV�SKDVH�SODQH�SORWV��3RLQFDUH
�PDS��))7�VSHFWUD��DQG�/\DSXQRY�
H[SRQHQWV� FDQ� EH� HIIHFWLYH� LQ� VWXG\LQJ� FRPSOLFDWHG� G\QDPLF� EHKDYLRXUV� RI�
KDUPRQLFDOO\�IRUFHG�VLQJOH�GHJUHH�RI�IUHHGRP�QRQOLQHDU�RVFLOODWRUV��

�
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7KH� SUHVHQW� VWXG\� XVHG� ILUVW� RUGHU� 006�� DQG� WZR� PRGHV� KDUPRQLF� EDODQFH�
�0+%�VROXWLRQV�DQG�WKHLU�VWDELOLW\�DQDO\VHV�WR�VWXG\�WKH�����VXE�KDUPRQLF�UHVSRQVH�RI�
WKH�RVFLOODWRU�LQ�HTXDWLRQ������7KH�DQDO\WLFDO�DSSUR[LPDWH�VROXWLRQV�ZHUH�DLGHG�ZLWK�ZHOO�
NQRZQ�QXPHULFDO� VLPXODWLRQ�PHWKRGV��QDPHO\�SKDVH�SODQH�SORWV��3RLQFDUH
�PDSV��))7�
VSHFWUD��/\DSXQRY�VSHFWUD�DQG�GLUHFW�QXPHULFDO�LQWHJUDWLRQ���7KH�GHFD\�WLPH�XVHG�LQ�WKH�
QXPHULFDO�VLPXODWLRQV�ZDV�DERXW����VHF�7KH�SUHVHQWHG�UHVXOWV�LQGLFDWHG�WKDW�WKH�SUHVHQW�
RVFLOODWRU��KDYH��ULFK�G\QDPLFV�VSHFLDOO\�LQ�WKH�VRIWHQLQJ�FDVHV�ZKLFK�FDQW�EH�XQFRYHUHG�
XVLQJ��ILUVW�RUGHU�DSSUR[LPDWH�VROXWLRQV�DQG�D�GHFD\�WLPH�RI����VHF��L�H���D�GHFD\�WLPH�RI�
�����WLPH�PD\�EH�QHHGHG�WR�UHDOLVWLFDOO\�FDSWXUH�D�FKDRWLF�DWWUDFWRU���

,Q OLJKW� RI� UHVXOWV� DQG� FRQFOXVLRQV� GLVFXVVHG� LQ� WKH� SUHYLRXV� FKDSWHU�� D� IXUWKHU�
H[WHQVLRQ� RI� WKH� SUHVHQW� LQYHVWLJDWLRQ� LQWR� WKH� VWHDG\� VWDWH� EHKDYLRU� RI� WKH� RVFLOODWRU�
JLYHQ�LQ�HTXDWLRQ�����PD\�FRQVLGHU�WKH�IROORZLQJ��

��� 2EWDLQLQJ��DSSUR[LPDWH��QG�RUGHU�006�VROXWLRQ�DQG�KLJKHU�RUGHU�+%�VROXWLRQV�
WR�WKH�����VXE�KDUPRQLF�UHVRQDQFH�UHVSRQVH�

��� 3HUIRUPLQJ�PRUH�WKRXJK�VWDELOLW\�DQG�ELIXUFDWLRQ�DQDO\VHV�RI�WKH�REWDLQHG�KLJKHU�
RUGHU�DSSUR[LPDWH�VROXWLRQV��

��� $OORZLQJ�D�PXFK�ORQJHU��VD\������RU�PRUH�VHFRQGV��RI�WUDQVLHQW�WLPH��
��� 2EWDLQLQJ�DSSUR[LPDWH�DV\PPHWULF�VROXWLRQV� LQ�DGGLWLRQ�WR� WKH�V\PPHWULF�RQHV�

FRQVLGHUHG� LQ� WKLV� ZRUN� DQG� VWXG\LQJ� RWKHU� RUGHU� �H�J�� ����� VXE�KDUPRQLF�
UHVRQDQFHV�HVSHFLDOO\�IRU�WKH�VRIWHQLQJ�FDVH��

��� 3UHVHQWLQJ� PRUH� GHWDLOHG� VWXGLHV� RI� WKH� FKDRWLF� ]RQHV� DQG� � WKH� URXW� WR� FKDRV��
VXFK�DV�SHULRG�GRXEOLQJ����

�
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�
$��$��$O�4DLVLD�DQG�0��1��+DPGDQ���������2Q�WKH�6WHDG\�6WDWH�5HVSRQVH�RI�2VFLOODWRUV�ZLWK�
6WDWLF�DQG�,QHUWLD�1RQOLQHDULWLHV��-RXUQDO�RI�6RXQG�DQG�9LEUDWLRQ� �����������

$� $/�4DLVLD�DQG�0��1��+DPGDQ���������%LIXUFDWLRQV�RI�$SSUR[LPDWH�+DUPRQLF�%DODQFH�
6ROXWLRQV� DQG� 7UDQVLWLRQ� WR� &KDRV� LQ� DQ� 2VFLOODWRU� ZLWK� ,QHUWLDO� DQG� (ODVWLF� 6\PPHWULF�
1RQOLQHDULWLHV��-RXUQDO�RI�6RXQG�DQG�9LEUDWLRQ� ��������������
�
$�� $/�4DLVLD� DQG� 0�� 1�� +DPGDQ� �������� %LIXUFDWLRQV� DQG� &KDRV� RI� DQ� ,PPHUVHG�
&DQWLOHYHU�%HDP�LQ�D�IOXLG�DQG�&DUU\LQJ�DQ�,QWHUPHGLDWH�0DVV��-RXUQDO RI�6RXQG�DQG�
9LEUDWLRQ� ��������������

$��+��1D\IHK�DQG�'��7��0RRN���������1RQOLQHDU�RVFLOODWLRQV� 1HZ�<RUN��-RKQ�:LOH\��
�
$��+��1D\IHK� DQG�1��%DODFKDQGUD� ��������$SSOLHG�1RQOLQHDU�'\QDPLFV� -RKQ�:LOH\��1HZ�
<RUN��
�
$��+DVVDQ�DQG�7��'��%XUWRQ����������([WUDQHRXV�6ROXWLRQV�3UHGLFWHG�E\�WKH�+DUPRQLF�%DODQFH�
0HWKRG��-RXUQDO�RI�6RXQG�DQG�9LEUDWLRQ� ��������������
�
$��0��$��+DPGDQ���0��$��1D\IHK�DQG�$��+��1D\IHK���������7KH�(IIHFW�RI�1RQOLQHDULWLHV�RQ�WKH�
5HVSRQVH�RI�D�6LQJOH�0DFKLQH�4XDVL�,QILQLWH��%XVEDU�6\VWHP��,(((�7UDQVDFWLRQV�RQ�3RZHU�
6\VWHPV� 3:56�������������
�
$�� 3URVSHUHWWL� �������� 6XEKDUPRQLFV� DQG�8OWUDKDUPRQLFV� LQ� � )RUFHG� � 2VFLOODWLRQV� RI�
:HDNO\�1RQOLQHDU�6\VWHPV��$P��-RXUQDO�RI�3K\VLFV� �������������
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��
&��$�� /XGHNH� ������3UHGRPLQDQWO\� 6XEKDUPRQLF�2VFLOODWLRQV�� -RXUQDO� RI� $SSOLHG�3K\VLFV�
���������������
�
&��+��+D\DVKL� ��������6XEKDUPRQLF�2VFLOODWLRQV� LQ�1RQOLQHDU�6\VWHPV� ��-RXUQDO�RI�$SSOLHG�
3K\VLFV� �������������
�
&��+��+D\DVKL���������6HOHFWHG�3DSHUV�RQ�1RQOLQHDU�2VFLOODWLRQV� .\RWR�8QLYHUVLW\��

&�� +�� +D\DVKL� �������� � 1RQOLQHDU� 2VFLOODWLRQV� LQ� 3K\VLFDO� 6\VWHPV� 3ULQFHWRQ�
8QLYHUVLW\�3UHVV��3ULQFHWRQ��1-�

&��6��+VX� ��������2Q�6LPSOH�6XEKDUPRQLFV� ��4XDUWHUO\�RI�$SSOLHG�0DWKHPDWLFV� ��������
����

'�� :�� -RUGDQ� DQG� 3�� 6PLWK� ��������1RQ�OLQHDU� 'LIIHUHQWLDO� (TXDWLRQV� 1HZ� <RUN��
0F*UDZ�+LOO��
�
)��&��0RRQ���������&KDRWLF�9LEUDWLRQV��-RKQ�:LOH\�DQG�6RQV��1HZ�<RUN��
�
-��*XFNHQKHLPHU�DQG�3��+ROPHV���������1RQOLQHDU�2VFLOODWLRQV��'\QDPLFDO�V\VWHPV�
DQG�%LIXUFDWLRQV�RI�9HFWRU�)LHOGV� 6SULQJHU�9HUODJ���1HZ�<RUN�,QF��

-�� ,��6WRNHU� ������� �� �1RQOLQHDU�9LEUDWLRQV� LQ�0HFKDQLFDO� DQG�(OHFWULFDO�6\VWHPV�
,QWHUVFLHQFH��1HZ�<RUN��
�
-��0�� 7�� 7KRPSVRQ� � DQG� 3��+ROPHV� ��������1RQOLQHDU�'\QDPLFV� DQG�&KDRV�� -RKQ�
:LOH\�DQG�6RQV���1HZ�<RUN�
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.��/��-DQLFNL�DQG�:��6]HPSOLQVND�6WXSQLFND���������6XEKDUPRQLF�5HVRQDQFHV�DQG�&ULWHULD�IRU�
(VFDSH�DQG�&KDRV�LQ�D�'ULYHQ�2VFLOODWRU��-RXUQDO�RI�6RXQG�DQG�9LEUDWLRQ� ��������������

.�� /�� -DQLFNL� DQG�:�� 6]HPSOLQVND�6WXSQLFND� �������� 6XEKDUPRQLF� 5HVRQDQFHV� LQ� D� 'ULYHQ�
2VFLOODWRU��%LIXUFDWLRQ�6WUXFWXUHV�DQG�7UDQVLWLRQV�WR�&KDRV��(XURSHDQ�-RXUQDO�RI�0HFKDQLFV�
DQG�6ROLGV� �������������

0��$���1D\IHK��$��0��$��+DPGDQ�DQG�$��+��1D\IHK���������&KDRV�DQG�,QVWDELOLW\�LQ�D�SRZHU�
6\VWHP��6XEKDUPRQLF�5HVRQDQW�&DVH� 1RQOLQHDU�'\QDPLFV� ����������
�
0��(��/HYHQVRQ���������+DUPRQLF�DQG�VXE�KDUPRQLF�UHVSRQVH�IRU�WKH�'XIILQJ�(TXDWLRQ��
-RXUQDO�RI�$SSOLHG�3K\VLFV� ���������������
�
0��0�� 6WDQLVLF� DQG� � -�� $�� (XOHU� �������� *HQHUDO� 3HUWXUEDWLRQDO� 6ROXWLRQ� RI� D�+DUPRQLFDOO\�
)RUFHG�1RQOLQHDU�2VFLOODWRU��,QWHUQDWLRQDO�-RXUQDO�RI�1RQOLQHDU�0HFKDQLFV� ������������
�
0��0RQG��*��&HGHUEDXP��3��%��.KDQ�DQG�<��=DUPL���������6WDELOLW\�$QDO\VLV�RI�WKH�1RQOLQHDU�
0DWKLHX�(TXDWLRQ��-RXUQDO�RI�6RXQG�DQG�9LEUDWLRQ� ������������
�
0�� 1�� +DPGDQ� DQG� %�� 2�� $O�� %HGRRU� �������� 1RQ�/LQHDU� )UHH� 9LEUDWLRQV� RI� D� 5RWDWLQJ�
)OH[LEOH�$UP��-RXUQDO�RI�6RXQG�DQG�9LEUDWLRQ� �������������
�
0��1��+DPGDQ� DQG�0��+�� )��'DGR� ������� �� /DUJH�$PSOLWXGH�)UHH�9LEUDWLRQV� RI� D�8QLIRUP�
&DQWLOHYHU� %HDP� &DUU\LQJ� DQ� ,QWHUPHGLDWH� /XPSHG� 0DVV� DQG� 5RWDU\� ,QHUWLD�� -RXUQDO� RI�
6RXQG�DQG�9LEUDWLRQ� ��������������
�
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��
0��1��+DPGDQ�DQG�1��+�� 6KDEDQHK� ������� ��2Q� WKH�/DUJH�$PSOLWXGH�)UHH� �9LEUDWLRQV�RI� D�
5HVWUDLQHG�8QLIRUP�%HDP�&DUU\LQJ� DQ� ,QWHUPHGLDWH� � /XPSHG�0DVV��-RXUQDO� RI� 6RXQG�DQG�
9LEUDWLRQ� ��������������
�
5�� 5LJDQWL� ������� �� 6XEKDUPRQLF� 6ROXWLRQV� RI� 'XIILQJ� (TXDWLRQ� ZLWK� /DUJH� 1RQOLQHDULW\��
,QWHUQDWLRQDO�-RXUQDO�RI�1RQOLQHDU�0HFKDQLFV� �����������
�
6��(��1HZKRXVH���������$V\PSWRWLF�%HKDYLRU�DQG�+RPRFOLQLF�3RLQWV�LQ�1RQOLQHDU�6\VWHPV��,Q�
1RQOLQHDU�'\QDPLFV� 5��+��*��+HOOHPDQ�HG���1HZ�<RUN�$FDGHP\�RI�6FLHQFH��1HZ�<RUN���

6��0HD]DZD���������6WHDG\�)RUFHG�9LEUDWLRQV�RI�8QV\PPHWULFDO�3LHFHZLVH�/LQHDU�6\VWHPV��
%XOO�-60(���������������
�
7��6��3DUNHU�DQG�/��2��&KXD���������3UDFWLFDO�1XPHULFDO�$OJRULWKPV�IRU�&KDRWLF�6\VWHPV�
6SULQJHUB9HUODJ��1HZ�<RUN�
�
:��6]HPSOLQVND�6WXSQLFND��DQG�-��%DMNRZVNL���������7KH�����6XEKDUPRQLF�5HVRQDQFH�DQG�LWV�
7UDQVLWLRQ� WR�&KDRWLF�0RWLRQ� LQ�D�1RQOLQHDU�2VFLOODWRU��,QWHUQDWLRQDO�-RXUQDO�RI�1RQOLQHDU�
0HFKDQLFV� �������������

:��6]HPSOLQVND�6WXSQLFND���������6HFRQGDU\�5HVRQDQFHV�DQG�$SSUR[LPDWH�0RGHOV�RI�5RXWHV�
WR�&KDRWLF�0RWLRQ�LQ�1RQ�/LQHDU�2VFLOODWRUV��-RXUQDO�RI�6RXQG�DQG�9LEUDWLRQ� ��������������

:�6�� /RXG� �������� 6XEKDUPRQLF� 6ROXWLRQV� RI� 6HFRQG� 2UGHU� (TXDWLRQV� $ULVLQJ� 1HDU�
+DUPRQLF�6ROXWLRQV��-RXUQDO�RI�'LIIHUHQWLDO�(TXDWLRQV� �������������
�
:�:ROI�� -�� %�� 6ZLIW�� +�� /�� 6ZLQQH\� DQG� -�� $�� 9DVWDQR� �������� 'HWHUPLQLQJ� /\DSXQRY�
([SRQHQWV�)URP�D�7LPH�6HULHV��3K\VLFD����'�����������
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��

<��7VXGD��-��,VRXH��7��7DPXUD�DQG�$��6XRHND���������2Q�WKH�����6XEKDUPRQLF�UHVRQDQFH�RI�D�
1RQOLQHDU�9LEUDWLQJ�6\VWHP�ZLWK�D�+DUG�'XIILQJ�7\SH�5HVWRULQJ�&KDUDFWHULVWLFV���%XOO�-60(�
���������������
�
=�� 5DKPDQ� DQG� 7�� '�� %XUWRQ� �������� 2Q� KLJKHU� 2UGHU�0HWKRG� RI�0XOWLSOH� 6FDOHV� LQ� 1RQ�
/LQHDU�2VFLOODWLRQV��3HULRGLF�6WHDG\�6WDWH�5HVSRQVH��-RXUQDO�RI�6RXQG�DQG�9LEUDWLRQ������
��������
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